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Chapter 1
Introduction

This script was written for a course on 'General Equilibrium Policy Eval-
uation’. The aim of the course is to introduce students to (a class of)
computable dynamic general equilibrium models in order to address
questions typically asked in the field of applied economics. In particular the
focus is given to the quantitative assessment of government policy related to
the tax, social security and pension system. Examples of the type of ques-
tions are: “What are the medium-run effects on GDP of revenue-neutrally
shifting emphasize from the income to the value added tax in Spain?”, “How
much would the effective retirement age in Austria have to change over time
to offset the effects from increasing population aging keeping all other pension
system parameters constant?” or “What are the consequences of increasing
yearly migration flows to the United Kingdom to its public budgets?”. This
task requires a rather complete modeling approach with a realistic incorpo-
ration of an economy’s institutional setting, etc. The required complexity
typically goes far beyond to what can still be solved by just using pencil and
paper. The course introduces students to numerical solution techniques and
how to convert economic problems such that they can be implemented on
the computer. Those techniques are introduced from scratch. That means
that we do cover the application of higher modeling and solution tool boxes
such as GAMS. The only requirements are the most basic numerical oper-

ation as provided by many numerical computing environments. All codes
are provided for MATLAB[] but do not rely on any MATLAB-specific func-

IFor a quick introduction to MATLAB check out the 'MATLAB Primer’ available at
http://www.mathworks.com.


http://www.mathworks.com

tions such that the codes could easily be translated to many other languages.

Scope. Dynamic general equilibrium (DGE) models are the workhouses of
modern macroeconomics and their applications range over many different
fields. The course is not intended to give a general overview of all possible
applications. Instead we focus on a particular subset of model specifica-
tions. The covered model characteristics are: discrete timing, agents with
rational expectations and perfect foresight that optimize inter-temporally,
general equilibrium, households of overlapping generations and a focus on
fiscal policy. The following features are not covered. The course does not ad-
dress aggregate shocks and dynamic stochastic general equilibrium (DSGE)
models especially used to assess the role of short-run business cycle fluc-
tuations. True intra-cohort heterogeneity, e.g. stemming from idiosyncratic
shocks to employment, income, skills, etc., which leads to a distribution of
life-cycle proﬁlesﬂ and much more complicated state spaces are not covered in
the course. Hence, distributional questions will be addressed based on inter-
and not on intra-generational heterogeneity. Further, all discussed models
are 'real’; i.e. nominal effects and monetary policy do not play a role. The
presentation is further restricted to a positive analysis, i.e. we do not attempt
to answer normative questions. The reduction of complexity in the described
areas obviously leaves room for a more complete modeling of and stronger
focus on other areas, e.g. a detailed modeling of the public sector and a
reasonably fast computation of transitional dynamics. Heer and Maussner
(2009) provide a thorough discussion of DGE models that goes far beyond
the cases considered in this course and is highly recommended for interested

readers.

How to use this script. The script is meant to be used as a form of techni-
cal appendix. The main purpose is to document most of the algebraic steps
that have to be made before implementation on the computer can start. In

class we will rather focus on the implementation process, issues of simulation,

2A common approximation is to allow for idiosyncratic shocks, resulting e.g. in a dis-
tribution of household incomes during a period, but to assume that for the intertemporal
optimization the households behave like a representative one by assuming that they pool
income for the savings decision. |Andolfatto (1996)) is an example. In contrast, the strand
of the literature labeled as heterogenous agent modeling does not rely on this simplifying
assumption.



debugging, calibration, etc. and on the interpretation of the simulation re-
sults. The lecture starts with solving a very simple model. Once the solution
technique is mastered we will step by step introduce additional model com-
ponents. All additional components are thoroughly described in the script.

In addition it contains exercises to be done after class.

Computer Code. Codes for all the discussed models and simulations are
available in MATLAB. Material can be downloaded from https://sites.
google.com/site/schusterphilip/.

Acknowledgments. The content of this course is based on my work I did at
the Institute for Advanced Studies. The institute runs a CGE model called
TAXLAB (taz and labor model) which is heavily used for policy advice and
continuously refined. Although the complexity of TAXLAB goes far beyond
the content covered in this course it shares the same core framework and
numerical solution mechanism as the models presented in this script. The
original development of this framework was done by Christian Keuschnigg
and the lecture notes are based on his set-up work and a series of technical
notes provided by him. Please address all comments and feedback to the

notes to philip.schuster@oenb.at|

1.1 Overview and Background

The outline of the script is as follows. Chapter [2]introduces the reader to the
Fair-Taylor algorithm which is used to solve for transition paths between two
steady states. It is based on characterizing the solution to a dynamic model
as a system of first-order difference equations, i.e. the solution is expressed
in recursive form just like the problem itself is often conveniently expressed
recursively (see [Stokey and Lucas, [1989 or |Ljungqvist and Sargent, 2012).
While some variables just summarize past decisions, like a capital stock or
a stock of pension entitlements, there are other variables reflecting future
decisions such as future profits that determine today’s decisions. In a nut-
shell the algorithm solves the model forward by using naive guesses about

the foresight variables (usually based on the final steady state). Afterwards
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we check by how much the realized foresight variables differ from the guesses
and use this information to make a more informed guess about the future in
the next iteration and so on until convergence, i.e. until we have found the

time-consistent values of our foresight variables.

In chapter [3] we apply this technique to solve for the transition paths of a
simple Ramsey model (see Ramsey| 1928 or Romer, 2011) to illustrate the
procedure. The way this algorithm works will be always the same irrespec-
tive of the complexity of the models. The computations might involve more
markets for which we have to find the clearing prices or many more foresight
variables whose paths are ex-ante unknown but the main structure of our
approach will be unchanged. After this introduction we will leave the realm
of working with a single, infinitely-lived household. Based on an overlapping
generations household structure we will step by step add additional model
components. Chapter 4.1] introduces mortality which households face with a
constant probability, the so-called Blanchard| (1985))-model. This is the only
true idiosyncratic shock that is incorporated in the presented models, as it
is rather trivial to handleﬁ Given certain assumptions this model allows for
analytical aggregation which from a numerical perspective makes it virtually
as easy to solve as the Ramsey model. The chapter continues to present the
difference of a closed and a small open economy setting and how changes in
the deep parameters of the demographic process translate into the change
in macroeconomic variables. The next section introduces endogenous labor
supply along the intensive and the extensive margin which is necessary for
the following introduction of government policy. Various tax instruments are
incorporated at every decision margin which allows first simple fiscal policy
evaluation exercises and simulations. Chapter [5| presents a generalization
of the Blanchard model by differentiating between two age classes (workers
and retirees) which allows to model the existence of a pension system, while
still keeping the model quite tractable. The so-called |Gertler| (1999)-model
is then even further generalized — namely to A age classes — in the 'Proba-
bilistic Aging’-model by (Grafenhofer et al. (2007), which is presented at the

end of the chapter. With chapter [6| we enter the realm of large-scale numeri-

3In contrast to e.g. idiosyncratic income shocks we do not have to individually keep
track of all past realizations of a random variable.



cal overlapping generations models by presenting the so-called |Auerbach and
Kotlikoff] (1987)-model. The model is characterized by age groups of length
of one year which will result in a much more detailed representation of the
household sector. The Auerbach-Kotlikoff-model generates a more realistic
age structure of the population and features more realistic income and con-
sumption life-cycle profiles. The process of finding a reasonable calibration
will be discussed before we will look at the inter-generational effects of fiscal
policy and reforms of the pension system. The chapter will then close with
several possible extensions without doing a full derivation of the solution.
This section closes with a short revision of the model assumptions concern-

ing the demography of different overlapping generations (OLG) models.

Overlapping Generations Models. A realistic age structure is an impor-
tant feature of a model which is designed to answer public policy questions
related to the household sector. The first formulation is due to [Samuelson
(1958) and Diamond, (1965) where the population merely consists of two gen-
erations at every point in time, a young and an old cohort. A time period
therefore has to comprise many years (e.g. 30 years). All households have
the same (deterministic) life expectancy of twice the period’s length. Denote
N9 the mass of old and NY the mass of young households. The demographic

transition rules are described as

N9, =N}, (1.1.1)
NYi = NBi, (1.1.2)

where NB are the number of newborns. Clearly, NB,;; = N2, implies
that the population size is constant. Figure illustrates the evolution of
generations in the Diamond-Samuelson model. The original model by |Auer-
bach and Kotlikoff (1987) is a natural extension of the Diamond-Samuelson
approach by increasing the number of age groups. In contrast to the simple 2-
period model the handling of the complexity was made possible only through
the technological progress in computing power. Because of its finer represen-
tation of the household sector this model is much more appropriate to deliver
quantitative results. The length of a period is usually set to one year. Setting

the maximal attainable age to A the evolution of the age-specific cohort sizes



Figure 1.1.1: Cohort life spans over time in a Diamond-Samuelson model
A
—————  Generation ¢t — 1
Generation t
Generation t + 1
t t+1 t+2 t+3
is given by
Nt =N, 0<a< A (1.1.3)
N{ i = NByji. (1.1.4)

As life expectancy at birth is equal to the maximum age A the age distri-

bution is degenerate. Figure [I.1.2] presents this visually. The Blanchard

Figure 1.1.2: Cohort life spans over time in an Auerbach-Kotlikoff model
A
} } } R ————  Generation ¢
1 2 3 4 A—-1 A
b : t foeeee t——+———  Generation t + 1
0 1 2 3 A—2 A-1 A
—_— b + + i Generation t + 2
0 1 2 A-3 A-2 A-1 A
t t+1 t+2 t+3 t+4 t+A t+A+3

(1985))-model addresses overlapping generations differently. Instead of fixing

a maximal attainable age households face a constant probability of death

(T =)

Hence, the age distribution is non-degenerate and life expectancy

can be computed as follows. The probability of dying at age 0 is 1 — =, of
dying at age 1 is y(1 — ), of dying at age 2 is y*(1 — ), and so on. Hence,

10



average age of death, i.e. life expectancy at birth, is given as

L =1/0-9) -1

life expectancy = (1 — ) Z ay* = (1 — 7)ﬁ
-7
a=0

Note that in the Blanchard model the remaining life expectancy, i.e. the
expected years remaining at a certain age, is always the same independent
of the current age. Let NNV, ; denote the mass of households born at v < ¢ at

time t. The evolution of cohorts is described by

Nv,t+1 = 7N’U7ta Vv S t (115)
Nt+l,t+1 = NBt-‘rl' (116)

Every period a constant fraction of a generation dies such that it decays
smoothly over time. At every period in time there are infinitely many gener-
ations and the mass of old generations converges to zero. This is illustrated

in where we plot the size of a generation over time. In steady state

Figure 1.1.3: Cohort sizes over time in a Blanchard model

»

-

v

A

t—1 t t+1 ---

deaths have to equal births which therefore gives us a relationship for total
population size and the number of newborns, N(1 —~) = NB. One can
then compute average age of the population in steady state. There are NB

households with age 0, NB -~ with age 1, NB - 4? with age 2, and so on.

11



Average age is therefore given by

NB-y@oay* _ NB-v/(1-7)°
N NB/(1~-7)

average age = =1/(1—~)—1L
Hence, in the Blanchard model average age in the steady state population
is equal to the life expectancy at birth. This result will no longer hold
for more realistic demographic models where survival rates are decreasing
with age. In contrast to a purely deterministic demography the |Blanchard
(1985)) assumption generates a non-degenerate age distribution. Households
want to insure themselves against the risk of longevity. On the other hand
working with infinitely many generations is difficult. However, we can obtain
analytical results for the aggregate of households (under certain symmetry
assumptions). Further, demographic shocks in the Blanchard model typically
fade out at an unrealistically slow pace which is not the case in the Auerbach-
Kotlikoff model. However, in its original specification the Auerbach-Kotlikoff
model is purely deterministic as households can perfectly predict when they
are going to die. In chapter [6] we will therefore focus on a mixture of both
approaches by introducing mortality risk to the Auerbach-Kotlikoff model
(see Broer and Lassilal [1997). In this case the evolution of cohorts is then
described by

NI =~"NE, 0<a < A, with y* =0, (1.1.7)
NPy = NDByy1. (1.1.8)

a—

Life expectancy is now given as 2;4:1 a(l =[] 0173. Convince yourself

S=

that this results in the same life expectancy as stated above for the nested

special case of a Blanchard model, i.e. 7* =, Va and A — oo.

o0

life expectancy = a(l—=~) ()" = (1—7) Z a(y)®

v
(I=9)2 (1-9)

In contrast to the Blanchard model average age in steady state will no longer

12



coincide with life expectancy. The former is computed as

A a—1 g
Zazl a Hs:é g
A a—1 _¢°
1 + Za:l Hs:O g

In principle an even further generalization is the idea of probabilistic aging

average age =

by (Grafenhofer et al.| (2007). An important characteristic of this approach
is that the duration a household stays in an age class is disconnected from
length of a model period. This way one build a yearly model with realistic
average ages which features only a few age classes. Let a be the index of an
age-class with a € {1,2,..., A} and 1 — w® the yearly probability of 'aging’
into the next age group. The evolution of the age-classes is then described
by

Nf_:rll = TN L 481 —w)NP, 1 <a< A, withw? =1, (1.1.9)
NL=7'w'N! + NBy. (1.1.10)

The restriction w” = 1 simply implies that a person in age-class A can no
longer jump into a higher age-class and will stay there until he dies, i.e. the
last age-class works as in the Blanchard model. Observe that this specifi-
cation is the most flexible one as it can nest all other presented cases. The
Blanchard model is nested through the specification A = 1. The Auerbach-
Kotlikoff model with mortality is the special case where A is set to a large
number (maximum age in years), all w* = 1 and the last group dies with cer-
tainty, i.e. ¥4 = 0. The |Gertler| (1999)-model is replicated by setting A = 2
and v = 1.

The demographic process can be further refined by relating the number of
newborns to older generations through fertility. Papers have endogenized
demographic parameters, e.g. mortality rates that depend on health invest-
ments or fertility that stems from an explicit optimization of households.
Those formulations break the recursion of the model, i.e. demography can-
not be separately computed anymore before solving the economic part of the
model. This is not addressed in further detail in the course. Many possi-
ble OLG extensions and trends are discussed in Fehr| (2009) who provides a

recent survey. An example of an extremely heavy version of the Auerbach-

13



Kotlikoff model is Fehr et al. (2008)). Next to a more realistic notion of a
household (e.g. a child is born into a family and part of the household until
it leaves and forms an own household, etc.) they consider many extensions
such as different skill classes, six different good sectors, all embedded in a

five countries setting, etc.

The CGE model of the Institute for Advanced Studies, TAXLAB, is a single
country model (although calibrated for 14 different countries). The popula-
tion consists of eight age groups (using the concept of probabilistic aging)
and three skill classes. All representative households are calibrated based on
micro data sets (EU-SILC and LFS). It has a strong focus on the household
sector’s labor supply decisions by featuring education choice, participation,
hours and training decisions as well as involuntary unemployment. It was de-
signed to incorporate a high level of institutional detail, e.g. a past-earnings-
related pension system that consists of a PAYG and a capital-funded pillar.
The model has an extension in which population is separated by nationality
to address effects of migration and another to capture informal work and the
shadow economy. The development of the model is documented in a series of
papers Keuschnigg and Keuschnigg| (2004), |Grafenhofer et al.| (2007)), [Berger
et al. (2009), |Jaag et al|(2010), Keuschnigg et al.| (2011)), [Keuschnigg et al.
(2012a)) and Keuschnigg et al.| (2012b). Despite this complexity the basic al-
gorithm for solving a transition path is virtually identical to what is covered

in the next sections of this manuscript.

1.1.1 Exercises

Exercises

Ex. 1 — Probabilistic Aging - Life expectancy
Find an analytical expression for life expectancy of a household in the proba-

bilistic aging framework.

14



Chapter 2

Solving Deterministic Dynamic
Perfect Foresight Models

There are different aspects of solving a dynamic deterministic perfect fore-
sight model. Calculating steady states is a rather trivial exercise especially
in comparison to their stochastic counterpart versions. However, computing
the full transition from one steady state to another is an involved task. A
task that will typically require an iterative algorithm in order to be solved.
Assume that the economy is in an initial steady state at ¢t = 0. We want to
compute the transition starting at t =1 to ¢ =T, where T is assumed to be
sufficiently large such that the economy at ¢ = T is almost indistinguishably
close to a final steady state. Hence, solving for the transition path involves
solving for a path of prices for all T periods. Assume that there are n mar-
kets to clear. An obvious option is to stack all market clearing conditions of
all periods and solve this system in a single go using a method for solving
systems of non-linear equations, e.g. a multidimensional Newton-Raphson
method. For small models this will typically converge fast. However the size
of the system can easily grow very large if a more complex model is con-
sidered, which will reduce the robustness of such an approach considerablyE]
Instead it makes sense to split the problem in a series of subproblems - one

for every period along the transition path - which is described in more detail

IFirst note that given the structure of the economic model it might be necessary to
compute more roots than there are markets each period. To give the reader an idea,
extended versions of the IHS TAXLAB model require finding the roots of close to 200
equations per period. For a transition time horizon of 200 years this would imply that one
would have to solve a system of approximately 40’000 unknowns in one shot.

15



in the next section.

2.1 The Fair-Taylor Algorithm

Being able to split our problem into subproblems for every period requires
that it can be expressed in a recursive form (see e.g. |Stokey and Lucas|, 1989
or Ljungqvist and Sargent,, [2012)). In discrete time most rational expectation
models are basically just a system of first-order difference equations. Figure
illustrates the subproblem at time ¢ in a general way. Importantly one
has to distinguish between three type of variables: (a) predetermined, back-
ward looking variables B (b) forward looking, foresight variables F' and (c)
exogenous parameters Z. A predetermined variable would for example be the
capital stock. All investment decisions prior ¢ are summarized in one variable
at time . An example for a foresight variable would be future wage income
which can be an important determinant e.g. for today’s consumption decision
(depending on the assumptions concerning preferences). Foresight variables
F' therefore implicitly include expectation about future prices. A remark
concerning notation. Fj;; summarize future information (i.e. in expected
terms) concerning foresight variables in ¢ + 1 available at t. An example
would be the expectation at time ¢ about all future labor income discounted
to t+ 1. Z contains time paths for all exogenous variables, e.g. a path of tax

rates. Given all predetermined variables and all guesses about the foresight

Figure 2.1.1: The subproblem at time ¢

By o Fiiq)e
-~ ~ N
\/& X
\

p¢ such that (,(ps, Bt, Fy11p, Z¢) = 0, Vn
Biy1 = 1(ps, Bt, Fypape, Zt)
Fyy = T(pe, By, Fyyap, Zt)

variables agents make optimal decisions, interact in markets leading to prices

p: that set all excess demands to zero, i.e. (o (e, By, Fipap, Z¢) = 0, ¥n. We

16



refer to this as being in temporary equilibrium. Knowing the behavior
of agents in ¢t and prices p; one can compute the predetermined variables for
t + 1 using the abstract function II(-) which represents the typical laws of
motion, e.g. for capital or household assets. At the same time we can also
compute the value of the foresight variables taking this period’s decisions into
account. For example if Fj, |, is the expectation at time ¢ about all future
labor from ¢+ 1 onward, then adding this period’s labor income appropriately
would give expected labor income from ¢ onward, Fy;. This last calculation
is purely done in order to update information. The next paragraph explains

this in more detail.

So far we have be silent about how expectations about future variables are
formed. Assume that there was a naive expectation forming process, e.g.
F, 1) is simply determined by what happened in the past. Then the problem
could easily be solved by starting at ¢ = 1 solving the problem described
in figure [2.1.1] and iterate forward until we reach t = T. However, this
will generally imply that Fy, # Fj;—1, i.e. with a naive ex-ante guess about
the future an agent would always want to revise her decision ex-post after
observing the actual prices at t. In contrast with perfect foresight, price
expectations are time consistent with the agents’ behavior and the resulting
actual prices. Hence, a transition path subject to rational expectations has
to fulfill Fy, = Fyez, Vi, ie. expectations are self-fulfilling. In order to
compute time consistent expectations proceed as follows. We start at t = 1
by making a guess for the whole path of foresight variables F°, i.e. F° has
dimension 7" times m, the number of different foresight variables. For a given
F° we solve the subproblems described in figure starting at ¢ = 1 for
the whole transition path. Along the way the guesses of the m foresight
variables are updated at every t. After consecutively solving T' subproblems
we converted F into an updated guess matrix F'. Stepping through the

subproblems from ¢ = 1 to ¢t = T' is denoted as function A(-), hence
= A (FY). (2.1.1)

Repeating this will eventually lead to time consistent foresight variables F* =
F*1 = F. Note however that the existence of a fixed point of A(-) is in

17



general not guaranteed. There can be economic reasons. For example, even
though an initial and a final steady state can be computed Z; could contain
an extreme non-monotonic time path of certain parameters, e.g. tax rates
that increase and later decrease again but in between reach a level that leads
to break down of equilibrium. There can also be numerical reasons. For
example, an uneducated guess of I might imply failure of convergence. In

order to improve stability of the algorithm it is generally implemented as
FH =yA(F) + (1 —y)F". (2.1.2)

The smaller ¢ € (0,1] the more stable the algorithm but also the slower.
The algorithm described in is know as the |[Fair and Taylor| (1983)
algorithm. |Wilcoxen| (1989)) presented a generalized version of the algorithm
which also uses information of the Jacobian of A(-) in order to improve the

guess updating which reduces the number of i iterations for convergence.

2.2 Implementation on the Computer

The algorithm in order to solve a full problem including the transition path
will always have the same structure independent of the complexity of the

model itself.
1. load model parameters
2. calibrate the model

3. compute the Jacobian of the system A(-) (only necessary if generalized

version of Fair-Taylor algorithm is used)
4. compute the initial steady state at t =1
5. enter a shock to system, e.g. a policy reform
6. compute the final steady state at t =T
7. solve for the transition path

a) make a guess for F

18
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b) compute a path of temporary equilibria starting from ¢t = 1 to
t=T-1

¢) update the guess for F

d) repeat steps b) to ¢) until convergence

In the course all provided codes are done in MATLAB. For more complex
model versions (which are not addressed in class) the use of languages more
optimized for speed such as Fortran, C/C++, GAUSS, etc. is recommended.
The principle structure of our programs will always look as shown in code

section [Il

Code [1} The principle structure of our programs
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28
29
30
31
32
33

% COMPUTE FINAL STEADY STATE
FSS;

% SOLVE FOR TRANSITION PATH
[actual ,ret] = gft(guess, jacob); % Generalized FT
%lactual ,ret] = ft(guess); % Original FT

The function £t () calls the Fair-Taylor algorithm and takes the following

inputs and produces the following outputs

[actual ,ret] = ft(guess,tunel,tstart,maxiter,tol)
guess ..... T x m matrix of the foresight variables

tune0 ..... stability parameter 1) (default = 1)

tstart .... starting period of the algorithm (default = 1)
maxiter. ... maximum number of iterations (default = 2000)
tol ....... convergence criterion (default = le-06)

actual .... updated foresight variables after convergence

ret ....... return code, 1 = convergence, 0 = no convergence

The function gft () calls the generalized Fair-Taylor algorithm and takes two

additional input arguments

[actual ,ret] = gft(guess, jacob,tunel,tunel,tstart,maxiter,tol)
jacob ..... m x m matrix of the Jacobian of A(-)
tunel ..... stability parameter for the use of the Jacobian (default = 1)

The generalized Fair-Taylor algorithm delivers the same results as the reg-
ular Fair-Taylor method if tunel = 0, in which case no information from
the Jacobian of A(-) is used. Iteration over periods and updated guesses is
split into two functions. A function called path() solves all the temporary
equilibria TE() forward in time for a given matrix of guesses. £t () or gft ()
then iterate over path() by updating the guess matrix after every iteration.
The content and structure of the functions path() and TE() are exemplarily

discussed in the next section for a simple Ramsey model.
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Chapter 3

A Simple Ramsey Model

3.1 Closed Economy

3.1.1 Description of the Economy

The economy exists of a representative household that supplies labor (exoge-
nously fixed at LY = Ly) and owns all production facilities that produce a
homogeneous good. There are three markets: goods, labor and assets, with

prices 1, w and 7.
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3.1.2 Representative Household

The household maximizes life-time utility subject to the intertemporal bud-

get constraint, i.e.

U, = max Su(Cy), st 3.1.1
= e 30wl (3.L.1)
At+1 = Rt+1 [At + thO — Ot] (312)

with interest factor R; = 1+r; and discount factor § = ﬁp. The fact that the

interest factor is also applied to the income and expenditure streams of the
current period simply represents the assumed timing convention, i.e. those

streams occur at the beginning of the period.ﬂ In recursive representation
U(A) = max uw(Cy) + U (A1), st (3.1.2). (3.1.3)
Define marginal life-time utility of wealth as \; = U’(A;). Then the optimal-

ity condition is
Ct . U/(Ct) = BRt+1)\t+1- (314)

Differentiate (3.1.3) w.r.t. A; to get the envelope condition:
At : )\t == B)\t—f—lRt-i-l' (315)

Combine the optimality and envelope condition to get the typical Euler equa-

tion
U/(Ct) = ﬁRt—l—lu/(Ct—i-l) = Ct+1 = BRt—&-lCt (316)
for the special case of u(-) = In(:). Recursive substitution of the Euler
equation gives
C,=p"" I] Ru.C:. (3.1.7)
u=t+1

In contrast an ’end of period’ timing convention would imply an intertemporal budget
constraint of the following form A;; = R; A +wiLo—C}. Aslong as the timing convention
is consistently applied everywhere it does not make a difference for economic behavior.
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We rewrite the budget constraint (3.1.2) by inserting recursively and use the

no-Ponzi condition (limp_,., Ar HT (R,)™1=0),ie.

u=t+1
Ay =[Cr—wLol + Y [Co—wiLo] J] (R)™" or (3.1.8)
s=t+1 u=t+1
W, = A; + H;, where (3.1.9)
Wt = Ot + Z Cs H (Ru)_l, Ht = thO + Z UJSLO H (Ru)_l.
s=t+1 u=t+1 s=t+1 u=t+1

Now insert the Euler equation (3.1.7)) in the definition of total life-time wealth
(3.1.9) to solve for the consumption function.

[e.o]

W, = C; + C, < > gt H R, H (Ru)‘1>

s=t+1 u=t+1 u=t+1

=G+ G, ( > 5) - ¢, (iﬁ) =G (G110

s=t+1 s=t

Hence, 2 = 1/(1 — ) is the inverse marginal propensity to consume which
is constant for the special case of log-utility in the following consumption

function

where H, is forward looking and can be recursively written as

(3.1.12)

3.1.3 Production

The production function is assumed to be homogeneous of degree ond?, e.g.

of a simple Cobb-Douglas form

Y, = [, LY) = A° (k)" (LP)™°, (3.1.13)

2 A° denotes total factor productivity and is not to be confused with assets at time t
Ay
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where L” is labor demand which in equilibrium obviously has to equal sup-
ply L. Capital adjustment through investment is paid out of per-period

earnings. Per-period profits (i.e. dividends) are therefore
xe =Y, —w Ly — I (3.1.14)

The value of the firm is the discounted stream of per-period profits, i.e.

v
Vi =i + oo, (3.1.15)
Ry
and the law of motion for capital is

K= (1-86K, + 1. (3.1.16)

The firm solves the following problem

V(K

V(K}) = max x; + M (3.1.17)

I, L1 R

Define the marginal benefit of an increase in capital ¢; = V'(K}). The opti-

mality conditions are

It . dt+1 = Rt+1 (3118)
LY Yip =wy (3.1.19)

Differentiate (3.1.17)) w.r.t. K; to get the envelope condition:

Ko q= Y + 2414 _ 4K (3.1.20)
Ry

We briefly establish Hayashi| (1982))’s theorem, which connects the firm value
V and the capital stock K.

Theorem 3.1.1. Hayashi’s theorem. Firm value and capital stock fulfill the
following relationship

Proof. Take the envelope condition for K; (3.1.20)) and multiply both sides
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by K; and expand the right hand side by }‘?t—:ll[t.

Rt.l,_l Rt—‘,—l
@K = Y, K, + YypLP — Y, pLP — 4Ly o Gt g
¢ t Ry R
D qt+1 qt+1 (3'1'22)

K, =Y, —-Y L — I + K1,

Gty t P Ly Rior t Rit t+1
q
@i = x¢ + RtH K
t+1

From the first to the second line we used the law of motion (3.1.16) and
expanded by the term YLtDLf. From the second to the third line we used
Euler’s theorem and the linear homogeneity of the production function. From
the third to the fourth line we inserted both optimality conditions and used
the definition of per-period profits y. Solving forward yields Hayashi| (1982)’s

result
S

aKi=> xs [[ (R =V (3.1.23)
s=t

= u=t+1

This shows that the shadow price ¢; can be interpreted as Tobin’s q, i.e. the
ratio of firm value based on future earnings V' and the capital replacement
cost K. Using the law of motion for capital and Hayashi’s theorem
evaluated at the optimality condition for investment, i.e. ¢.1 = Ry gives

a simple relation for investment based on future profits:

_ Vi
Ry

I, — (1= 6%)K,. (3.1.24)

3.1.4 Temporary Equilibrium

The task of finding a ’temporary’ equilibrium is to find the market clearing
prices for only one period (hence the expression "temporary’) for given values
of forward looking variables H;,; and V;y;. In contrast the capital stock is
known in t as it is predetermined by the law of motion through accumulation.
First, knowing K; we can calculate output as labor market clearing implies
that LY = LP = Ly = LP

Y, = A% (K,)* (Lo)' ™. (3.1.25)
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Given output we can compute factor prices from the optimality and envelope

conditions v v
R, :aéJr(l—éK), wy, = (1—a)L—’;. (3.1.26)
The last market that has to clear is the goods market

and we will use R;,; as the clearing priceﬂ As the household just invests
in the firm this implies that all the financial wealth A coincides with V' at
the market clearing interest rate r. Consequently, the workers’ consumption

function is simply
Cy=(1-BW, =Q (V, + Hy). (3.1.28)

Insert the consumption (3.1.28)) and the investment function (3.1.24)) into
(13.1.27)).

Vi (1= B) [H+ Vil + 3 = (1= 60K, (3.1.20)

Now use (3.1.12)), (3.1.15)), (3.1.14)) and (3.1.24]) to get an implicit relationship

of R;1 as the only unknown

Hiq
Ryt

Vit
Ry

Y, = (1-p) +Y 4+ (1 - K, | + —(1—-6%K, (3.1.30)

In this simple case we can find an explicit solution for Ry,

Vi +(1=08) - Hip
Ry = BV, + (1= 0Kk, (3.1.31)

Knowing R;,; we can compute explicit solutions for all remaining unknowns:

Vi, Hy, Cy, Ay, Iy and Koy

3See section on Walras’ Law why we can do this.
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3.1.5 Walras’ Law

Define the following excess demands

assets : =V, - A (3.1.32)
labor : F=1LP -1} (3.1.33)
goods : G =C+I1-Y (3.1.34)

Rewrite (3.1.32)) by inserting for V; using (3.1.17)) and eliminate y; by using
(13.1.14)) to get:

Ar= A+ Y, —w P — I+ (3.1.35)
Ritq
Insert this expression in (3.1.2) to get
Apr = Vi =R [+ Y, - L - C—w, [LY = L7]]. (3.1.36)

Use (3.1.32)) at £+ 1, (3.1.33|and [3.1.34)) to arrive at Walras’ Law after some

rearranging

¢ w4+ ¢ - = 0. (3.1.37)

This relationship has to hold even out of equilibrium and is very useful for

bug-fixing the corresponding code.

3.1.6 Steady State

To have constant consumption given the Euler equation (3.1.6|) it is clear
that
BR=1 = r=p. (3.1.38)

Given exogenous labor supply and the marginal costs of capital we can simply

compute capital usage according to the optimality condition for capital use

B.1.26)
QA" \ Te
K=1L ) 1.
(22) -

Given that we can calculate output and wages

Y
Y = A"K°L{™  and w:ﬂ—ahr (3.1.40)
0
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Alternatively, output can be expressed directly in terms of L

0 \ T-a 0 \ T-a
Y—A(Cm ) Ly and w—u—@m(‘m ) . (3.1.41)

T+ 6K T+ 6K

which demonstrates that in this type of models long-run output is driven
by labor supply, while long-run wages are independent of it. Steady state
investment is where the capital stock in (3.1.16)) stays constant

I =K. (3.1.42)
Dividends are given according to the definition ((4.2.2])
xX=Y —wLy—1. (3.1.43)

Equilibrium values of human wealth and financial wealth are computed using

EL12) and ELT5)

1+7r 71—}—7‘

H = wly and V X- (3.1.44)
T
Finally, we can compute consumption
C=Q'V+H). (3.1.45)

Assets A have to equal V' and can alternatively be computed from the steady
state version of the intertemporal budget constraint (3.1.2)), i.e.

L+
o

A

(C —wLy) . (3.1.46)

It is left as an exercise for the reader to confirm that » = p is indeed the
solution to the steady state version of equation (3.1.31)).

3.1.7 Implementation

The codes implementing the model described in this section are called Ramsey
and Ramsey_simple. The difference is that Ramsey_simple uses the explicit
solution for the interest rate as given in (3.1.31)). Using explicit solutions

reduces the required computing time. In contrast Ramsey uses a numerical
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root finder to solve for the interest rate. This option is presented because
with increasing complexity of a model using explicit solutions will be too
cumbersome or simply impossible. Hence, the latter option is what we will
have to use for all successively presented models. For the Ramsey model we

focus on the description of the following two functions TE() and path().

Code [2} Computing temporary equilibrium in a Ramsey model in Ramsey
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The function TE() always computes temporary equilibrium and in general
takes the following inputs and produces the following outputs. Depending on
the model specification TE() finds the (temporary) equilibrium for n markets
(or equilibrium conditions). In the case of our simply Ramsey model the
clearing price for only one market has to be computed. By programming
convention only the prices enter the function TE() (and also the function for
computing a steady state SS()) as arguments. Other variables are passed on
and edited globally.

ed ........ vector of size n of excess demands

prices..... vector of size n of prices

Code |3 Computing a path of temporary equilibria in a Ramsey model
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26
27
28
29
30
31
32
33
34
35
36

path() simply computes a series of temporary equilibria and takes the fol-

lowing arguments

guess ..... T x m matrix of the foresight variables
tstart .... an integer indicating the start of the path (default = 1)
tstop ..... an integer indicating the end of the path (default = T)

The argument tstart plays a role only if unanticipated reforms are to be

simulated that are announced at a later point in time. See section

3.1.8 Exercises




period 1. Compare the recovery time for the cases o = 1 versus o = 0.25 and

give a short interpretation.

3.2 Exogenous Growth and Detrending

In a realistic macroeconomic framework, especially one designed to do long
run analysis, one has to incorporate growth components. We will do this in a
very simple way by postulating that labor productivity grows at an exogenous
rate g. Denote the level of technological progress as X. The current level is
then simply

X, = G'X, (3.2.1)

where GG is the growth factor, i.e. G = 14 g and X is the initial level of
technological progress in ¢ = 0. In a balanced growth setting all variables of
the economy (output, consumption, investment, wages, capital stock, etc.)ﬁ
grow at the exogenous rate g. For the analysis it is therefore convenient to
detrend the economy by said factor G, i.e. everything is expressed in terms
of labor efficiency units. Let us denote non-detrended variables with a tilde,
e.g. K in contrast to the detrended capital stock K, where latter is simply
defined by K, = X, K, implicitly assuming K, = Ko. The typical law of

motion for capital in non-detrended and detrended form is
[N(t+1 - (1 — 5K)kt —|— jt = GKt+1 - (1 - (SK)Kt + It. (322)

The same procedure is applied to all the relevant difference equations, e.g. for
assets A, firm value V| pension wealth P, etc. which are all linear. Expressing
utility in terms of detrended variables is a little bit more sophisticated. Life

time utility in period t is given as

oo o0

U= B u(C) =) B u(X.Cy). (3.2.3)

s=t s=t

4A prerequisite for balanced growth is obviously a production function which is ho-
mogenous of degree one.
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Assume u(+) of simple isoelastic form u(XC) = (XC)’. Again p = (6 —1)/0.

The problem is to get rid of X; in the recursive formulation
Ut = U(XtCt> + BUt—i-h (324)

and find a recursive expression that only depends on the growth factor G.
We simply pull X; out of the felicity functions, i.e. u(X;C}) = (X;)” u(C)
and u(X;11Ciy1) = (XiG)? u(Cyy1), ete. Define V; = U,/ X!, which for utility
maximization is an equivalent formulationﬂ compared to , to get

Vi = u(Cy) + B(Q)? Viga. (3.2.5)

We finish this section by briefly looking at the solution to the intertemporal

problem, i.e.

Vi = max u(Cy) + B(G) Viy, st (3.2.6)

GA1 = R [At + thtS — Ct]

The optimality and the envelope condition (again define the shadow price as

A = 0V, J0A;) are

C, WG = B(G) 7 Ry de (3.2.7)
At : )\t = ﬁ(G)iiRt+1)\t+1 (328)

Hence, the Euler equation is
GCtJrl = [5Rt+1]0 Ct, (329)

which is consistent with the non-detrended version ét+1 = [BR1]° C~’t.

5Observe that the maximization of the often used recursive formulation U, =

~\P 1/p
[(Ct> + B (Us1)” } has the same solution as maximizing (3.2.4)). Hence, detrending
works analogously, i.e. V; = [(Cy)” + 8 (GVtH)p]l/p.

33



Chapter 4

OLG - The Blanchard Model

4.1 Closed Economy

4.1.1 Description of the Economy

The economy exists of overlapping generations of households with identical
members that supply labor (exogenously fixed at aggregate LY = L) and
own all production] facilities that produce a homogeneous good. There are

!Production works exactly as in the simple Ramsey model.
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three markets: goods, labor and assets, with prices 1, w and r.

4.1.2 Households

Each period a fraction 1 — « of the households dies (irrespective of age). To
keep track we denote variables with two subscripts: ¢ is used as the time
index and v < t for the period of birth of the corresponding agent. This
is of importance as asset level will differ for agents of different age, which
implies that also consumption levels vary between those agents. Utility of
being dead is normalized to O.ﬂ Expected life-time utility can be recursively
written as

Uv,t = U(Cyﬂg) + ﬁ [’Y : Uv,t+1 + (1 — ’}/) . O] . (411)

where § = #p is the discount factor. There is an actuarially fair reverse
life-insurance contract. The contract implies that if an individual dies, end
of period assets (A°"?) are ceased by the insurance company. If the indi-
vidual survives she will get a premium (9A°"?). Zero profit requires equat-
ing expected revenue and costs, i.e. (1 —v)A"? = v9A? which implies
that ¥ = 1_77 and that next period’s assets of a surviving individual are:

Ay = (14+9) AL = A /4 or more precisely
"}/Av,tJrl = Rt+1 [Av,t + wtﬁo — Cv,t] . (412)

with interest factor R;11 = 1 + rq. Every member in a household group
maximizes life-time utility subject to this intertemporal budget constraint,

i.e. in recursive representation

U(Ay;) = max w(Cyy) + BYU (A1), st (4.1.2). (4.1.3)

v,t

Define marginal life-time utility of wealth as A, ; = U'(A, ;). Then the opti-

mality condition is

Cv,t : ul(Cv,t) = ﬁRtH)\u,tH- (4-1'4)

2Normalizing utility of death to 0 in combination with log-utility can imply problems
if consumption drops below 1 unit which makes individuals prefer death over life. As they
have no active choice or influence on the probability of dying this assumption is harmless
in our framework.
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Differentiate w.r.t. A, to get the envelope condition:

A’U,t . /\v,t = /BAU,t-i-lRt-i-l' (415)

Combine the optimality and envelope condition to get the typical Euler equa-

tion
U (Cyy) = BRep1t (Copr1) = Copr1 = BR1C0y (4.1.6)
for the special case of u(-) = In(-). Recursive substitution of the Euler
equation gives
:/Bs_t H Rqu,t- (417)
u=t+1

We rewrite the budget constraint (4.1.2)) by inserting recursively and using

the no-Ponzi condition (limy_. Ay HZ:tH(Ru)_l =0), i.e

s

Ay = [Cypr — wyilo] + Z — wglo) H Rlu or (4.1.8)
s=t+1 u=t+1
th :A'Ut—i_HUt, where (4.]_9)
’Ut— vt+ chs H R vt—wtg(]—i_ Zwsfo H
s=t+1 u=t+1 s=t+1 u= t+1

Now insert the Euler equation (4.1.7)) in the definition of total life-time wealth
(4.1.9) to solve for the consumption function.

Wv,t = C%t"“cv,t < Z 68 ! H H >

s=t+1 u=t+1 u= t+1
1
= Cyy + Cv7t ( Z 55 t) _ (Z 55 t> _ vt T ﬁ . (4110)
s=t+1 s—t v

Hence, the consumption function is where 2 = 1 — 37 is the inverse marginal

propensity to consume which is constant for the special case of log-utility,

Cvt - (1 - Bry) vt — Q_I(Av,t + Hv,t) (4111)
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where A,; and H,; are forward looking and can be recursively written as

Av ;441

R

H,
Hyy = wily + Rt“ (4.1.13)
t+1

Ay = Coyp —wily + y—— (4.1.12)

4.1.3 Aggregation

The size of a population group born at v at time ¢ is denoted N,;. As a
constant fraction of every group dies every period we have to following law

of motion for the size of group v
Nv,t+1 - ’YN”L),t' (4114)

At the same time a new cohort is born when moving from ¢ to ¢t + 1, namely

Nit144+1. A simple accounting identity isﬂ

t
No= ) Ny (4.1.15)

V=—00

We abstract from aggregate population growthﬁ which means that the total
number of deaths S0 ___ (1—7)N,; = (1—7)N; has to equal the total number
of births N1 +41. Summing the group specific laws of motion for v
between —oo and ¢ and adding V41441 to both sides gives the aggregate law
of motion

Nit1 = Nisy g1 + 7N, (4.1.16)

Inserting the equality of number of deaths and births (1 —+)N; = Ny 441 re-
veals that indeed we have N;,; = N; = N. All other per capita variables, call
them X, ;, are aggregated similarly using the population shares as weights,
e.g.
t
Xi= ) XNy (4.1.17)
If per capita variables do not differ by age group v the aggregation is even

simpler: X, ; = z; = X; = ;/N. We assumed that exogenous labor supply is

3ZU__OO is a notational abbreviation for limy_, o, Z
4See sectlon E 3| for details on demographic change in a Blanchard model.
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equally distributed among the populatiorﬂ i.e. £y. Given the 'no population
growth’ assumption, aggregate labor supply Lo = ¢yN is also exogenous as
claimed before. Consequently, also human wealth does not differ between
members of different age groups and we have H,; = h; and therefore H; =

hyN. Aggregating human wealth simply works by multiplying with N

(4.1.18)

However, note that (4.1.18]) is only true in case of constant population N.
See section for the case of demographic change. To get the aggregate

consumption function we multiply by N,; and sum over all individual con-

sumption functions (4.1.11])
C,=Q 1A+ HY. (4.1.19)

We now aggregate all resource constraints (4.1.2)) to get

t
Y Z A’U,t-i—le,t = Rt+1 [At + 'l,UtLO — Ct] . (4120)

V=—00

Note that the left hand side can be rewritten using (4.1.14)) and the by
adding A;+14+1Ney1441 = 0, which is zero because newborns do not possess

any assets, we have

t t t+1
Y E Av,t—i—le,t = E Av,t—l—le,t-‘rl = E Av,t+1Nv,t+1 - At+1,t+1Nt+1,t+1
v=—00 v=—00 V=—00
t+1
= E Av,t+1Nv,t+1 = At+1-
V=—00

(4.1.21)

Hence the aggregate asset equation does not contain + and reads as follows

At+1 = Rt+1 [At + th() - Ct] . (4122)

5... as are individual skills which justifies a common wage w;.
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We now try to aggregate the Euler equation (3.1.6)). It is not necessary or
particularly helpful for the following calculations but gives some additional
insights. First multiply (3.1.6) by N, and then sum from v =t to —oc.

t t
Z Cv,tJrle,t :6Rt+1 Z Cv,th,t- (4123)

V=—00 V=—00

The right hand sight gives SR, 1C; by the aggregation definition. Insert
(4.1.14)) on the left hand side and multiply by v to get

t
Z CvjtJrlNrU’tJrl = ’}/ﬁRtJrlCt. (4124)

V=—00
Now expand by Ciy141Nt41041 — Cryp1e41Neg1,441 and note that Nyyyq1 =
(1 —v)N. Rearrange to get

Ct—i—l = vﬁRtHC’t + N(l — 7)0t+1,t+1~ (4125)

This is a nice expression for interpretation. First, note that because the
consumption of the newborns is bigger than zero, i.e. Cy41441 > 0, we must
have yBR;y1 < 1 for stable aggregate consumption. Interestingly this does
not put a restriction on whether p > r, p = r or p < r. Second, if we
let v+ — 1, i.e. no one dies and no one is born, we arrive at the typical

Ramsey-kind Euler equation

CtJrl - /BRtJrlCt. (4126)

4.1.4 Production

Production is identical to the closed economy case in the Ramsey model, see
section 3.1.3l

4.1.5 Temporary Equilibrium

Only some of the defining temporary equilibrium conditions change in com-
parison to the closed economy case in the Ramsey model, see section |3.1.4

We proceed in the same order. Output Y; and factor prices R; and w; are
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computed as before. The clearing condition for the goods market is again

Insert the consumption (4.1.19) and the investment function (3.1.24]) into

E1.27).
Vi

Ry
Now use (4.1.18)), (3.1.15)), (3.1.14)) and ((3.1.24]) to get an implicit relationship

of R;,1 as the only unknown

Y= (1= By)[H+Vi] + —(1-0")K, (4.1.28)

Vit
Ry

H
Yi=(1-87) [y 5= +Yi+ (1= 6K, | +

—(1-6%)K, (4.1.29)
Ry

In this simple case we can find an explicit solution for Ry,

R — Vier + (1= Bv) - vHp
By Y+ (1 - 0K K

(4.1.30)

Knowing R;,; we can compute explicit solutions for all remaining unknowns:

Vi, Hy, Cy, At, I; and Kt+1-

4.1.6 Walras’ Law

The derivation of Walras” Law is identical to the closed economy case in the

Ramsey model, see section |3.1.5

4.1.7 Steady State

The calculation of the steady state follows a very similar logic as for the
closed economy case in the Ramsey model, see , with the following
exceptions. Before looking at the steady state of the Blanchard model in
more detail note the following important remark about leaving the realm of
working with a single representative household. In the steady state we require
aggregate variables to be constant. Individual consumption and asset paths
might be non-constant even in steady state. For example a monotonically
increasing (r > p) or decreasing (r < p) individual consumption profile over
the life-cycle is possible now as life-cycles end at some point. Hence, we
cannot conjecture from the individual Euler equation that » = p has
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to be true to have constant aggregate consumption. Instead we have to look
at the aggregate Euler equation . Equilibrium interest rate r cannot
be pinned down by the preference parameter p. Instead r is determined as
the solution to the steady state equation of ﬁ

_V+(A-py)-1H
PylY + (1= 6%)K]

(4.1.31)

Further, the two steady state equations for aggregate human wealth H and

aggregate consumption C' differ from the Ramsey model

C=Q ' V+H], with Q=1/(1-87) (4.1.32)
1+7r
= meO. (4.1.33)

Inserting accordingly into (4.1.31]) gives a single equation depending on known

parameters and one unknown 7 which can be solved for numerically.

4.2 Small Open Economy

6In the Ramsey model both ways of determining r are equivalent.
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4.2.1 Description of the Economy

The economy exists of overlapping generations of households with identical
members that supply labor (exogenously fixed at aggregate LY = L) and
own all production facilities that produce a homogeneous good at price 1.
The economy is assumed to be small and open, i.e. a world interest rate of r is
taken as given. This implies that excess assets are simply invested abroad as
foreign asset demand is inelastic. Consequently, access demand for goods
is satisfied by importing the homogeneous good. By assumption capital
accumulation is subject to capital-adjustment costs. Without adjustment
costs the representative firm would react to every shock by adjusting the
capital stock optimally in only a single period as the rental price for capital

r 18 constant.

4.2.2 Households

The description of households and their decisions is identical to the closed

economy case, see section [4.1.2]

4.2.3 Aggregation

The description of aggregation is identical to the closed economy case, see
section 4. 1.5l

4.2.4 Production

Production works almost identical to the models described above, see section
Again, we only highlight the necessary changes starting from the
closed economy case. The important difference is in the assumption of capital
adjustment costs J; which are linear homogeneous in the inputs /; and K;.

Specifically we assume the following functional form

1 I 2
J(I, K;) = SV (Et — 5K> , (4.2.1)
t

which is convexly increasing in I; and is normalized to fulfill J = 0 in steady

state. Dividends are revenue minus labor costs, investment and installation
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costs
xt =Y, —wiLo— It — Jy. (4.2.2)

As before the firm solves the following problem

(4.2.3)

Define the marginal benefit of an increase in capital ¢; = V'(K;). The opti-

mality conditions are

It . Qt+1 = Rt+l (1 + ‘]It) (424)
LY Yip =w. (4.2.5)

Differentiate (4.2.3) w.r.t. K; to get the envelope condition:

Ky g =Yg, —Jk, + gl (1—6%) (4.2.6)

We briefly establish [Hayashi| (1982))’s theorem [3.1.1} which connects the firm
value V' and the capital stock K is also true in the case of linear homogeneous

capital adjustment costs.

Proof. Take the envelope condition for K; (4.2.6) and multiply both sides by
K, and expand the right hand side by I‘?t—i]t.

Qth = YKth — JKth i qt+1 [(1 o 5K>Kt +[t:| . Qt+1 [t’
Ryt R

@Ko = Y K+ Yip LP = YipLP — Jie K, — 2500+ Ik,

Rt+1 Rt+1
@Ky =Y = YipLP — Ji Ky — Jidi+ T L — 420, 4 5 g (4.2.7)
Rt-i—l Rt+1

q
Mﬂzﬁ—wﬂf—%—h+éHK@h
t+1

qi+1
QK = Xt + ax K.
Ry

From the first to the second line we used the law of motion and
expanded by the term Yo LP. From the second to the third line we used
Euler’s theorem and the linear homogeneity of the production function. We
further expand by the term J;, ;. From the third to the fourth line we
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inserted both optimality conditions and used Euler’s theorem and the linear
homogeneity of the capital adjustment cost function. From the fourth to
the fifth line we used the definition of per-period profits y. Solving forward
yields [Hayashi (1982))’s result

s

aKi=> "xs [[ B) =V, (4.2.8)

= u=t+1

Using the law of motion for capital (3.1.16) and Hayashi’s theorem evaluated
at the optimality condition for investment, i.e. g;11 = Ry11(1+ Jj,) gives an

implicit relation for investment:

Vit

[ —
! R (14 J7,)

— (1 = 0")K,. (4.2.9)

Using our assumed functional form for J; we can solve explicitly for I; as the

solution to the following quadratic equation:

] Ja-sw a9 0
+{ﬂ—5ﬂu—ﬁKpr—Ei]_a (4.2.10)

4.2.5 Foreign Assets and the Trade Balance

As the economy is small and open the interest rate r; is given. Excess supply
of assets is simply absorbed by the net foreign asset position Df. At any

time the portfolio identity has to hold
A, = Df +V,, (4.2.11)

i.e. households can invest their assets into foreign DI or domestic assets V;.
Non-arbitrage implies that they are indifferent between both assets. The size
of V; is therefore simply determined by asset demand for the given interest
rate r,. Foreign assets DY then just absorb the excess supply from house-

holds. The law of motion for foreign assets D can therefore be written
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as
Df,, =Ry [D] +TB;], where TB,=Y,—C,— 1L, —J;, (4.2.12)

where T'B is the trade balance.

Proof. Use this expression in the aggregate asset equation (4.1.22)) and use
(3.1.15)) to substitute for V; and (4.2.2)) to eliminate x;:

A
R

Use (4.2.11)) at ¢t + 1 again to arrive at equation (4.2.12]). .

Vit

=Df+Y, - C,— I, — J; + :
Ry

(4.2.13)

4.2.6 Temporary Equilibrium

Characterizing and computing the temporary equilibrium works very similar
to the closed economy case in the Blanchard model, see section [4.1.5] We
just highlight the differences. In contrast to before the interest rate r; is
known as it is exogenous. The same is true for the current capital stock K;
and aggregate foreign assets DI as they are predetermined. Output Y; and
wage w,; are computed as before. Given our guess for V;,; we get investment
by using and solving the quadratic equation

Vit

L= —
' Rt+1(1 + th)

— (1=K, = I, (4.2.14)

Knowing K, and I; one can compute the corresponding adjustment costs J;

(4.2.1) and next periods capital stock K;,q (3.1.16). Next, one can calculate
dividends x; (4.2.2)), aggregate human wealth H, (4.1.18) and firm value V;

(3.1.15)) and consequently consumption C; by inserting the portfolio identity
(4.2.11]) into the aggregate consumption function (4.1.19))

Co=Q7'[Df +Vi+H]. (4.2.15)

Next we can infer trade balance and next period’s foreign assets using (4.2.12)).
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4.2.7 Walras’ Law

Define the following excess demands

assets : (=Vi+Df - A (4.2.16)
labor : ¢¢F=LP - L? (4.2.17)
goods: (' =C+L,+J,+TB, ~Y, (4.2.18)

Rewrite (4.2.16)) by inserting for V; using (3.1.15)) and eliminate y; by using
.2.2) to get:

Vi
Rt

A==+ Df +Y, —w L — I, — J + (4.2.19)
Insert this expression in the aggregate intertemporal budget constraint (4.1.22])
to get

At+1 - W+1

7 — (4 DF Y, =L —J—C—w [LP - L], (4.2.20)
t+1

Use (4.2.16) at t + 1, (4.2.17] and |4.2.18)) to arrive

F A
Dt+1 - Ct+1

=+ D +TB - ¢ —wl. (4.2.21)
Rt+1

Insert the law of motion for foreign assets (4.2.12) to arrive at Walras’ Law

& +w et + -2 =0, (4.2.22)

4.2.8 Steady State

Again, computing the steady state works analogously to the sections
and before. Interest rate r is fixed exogenously. Following section
(3.1.6) we can compute K, Y, w and I. Evaluating capital adjustment costs
at I = 6% K reveals that they are zero in steady state, i.e. J = 0. Steady

state dividends are given as

x=Y—-wLy—1—-J. (4.2.23)
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Now we can compute H and V following section (4.1.7). This leaves the
following two relationships which have to be determined simultaneously by
finding C' and D¥

C=(1-p8y)[V+D"+H], (4.2.24)
14
N T

DF

[C+T+J-Y]. (4.2.25)

Once C' and D are known one can compute aggregate assets A either using
the portfolio identity A = V + DY or the aggregate intertemporal budget

constraint
B 1+7r

r

A

(C' —wLy). (4.2.26)

4.3 Demographic Change

4.3.1 Time varying demographic parameters

In this section we look at demographic transitions. We therefore have to

relax two assumptions we made in the sections before:

e Survival rates are time dependent, i.e. the survival rate at end of period
t is 7;+1. Hence, we assume an exogenous sequence of 7, that can differ

for ¢ but satisfy lim;_, v = 7.

e The number of newborns is time dependent and not necessarily con-
nected to the number of deaths, i.e. the number of newborns at the
beginning of period t is given as NB;. We assume an exogenous se-
quence of N B; that satisfies lim;_,. NB; = NB

The limiting conditions imply that a stationary demographic distribution
exists. The assumptions also imply that population size N, can vary dur-
ing transition but will eventually converge to some number N. Hence, the

individual law of motion for population size per age group v is
Nv,t+1 = fyt-i—le,t' (431)
For the aggregate population it is

Nt+1 = "}/H_th + NBt+1. (432)

47



Note that with varying population also aggregate labor supply is time de-
pendent, i.e. LY = £4N;. The household problem is written as

U(Ay:) = max u(Cyy) + Sy41U(Apir1),  s.t. . (4.3.3)
YVir1Avip1 = Rogr [Avy +wily — Coyl . (4.3.4)
Assume u(z) = =% (x% - 1) such that v/(z) = z~=. Following the step

of section we can write the Euler equation as
Cv,tJrl - (ﬂRtJrl)o Cv,t- (435)

Further, the budget constraint (4.3.4)) and total wealth can be written as

Av,t = [Cv,t - wv,tf()] + Z [Ov,s - wsgo] H Z%_Z or (436)
s=t+1 u=t+1
W’U,t = Av,t + Hv,tu where (437)
vat = Cv7t + Z CU,S H ;_17:7 Hv,t = thO + Z wsfo H g_z
s=t+1 u=t+1 s=t+1 u=t+1

Insert the Euler equation consecutively to solve for the consumption function.

Wv7t = Cv,t + Ov,t ( Z B(S—t)a H (Ru)cr H %)

s=t+1 u=t-+1 u=t+1 "~
= o + Cuy (Z a7 T (Ru)"‘lyu> (4.3.8)
s=t+1 u=t+1
= Cys8l,  where (4.3.9)
O, =1+ (Z BE ] (Ru)"_l%> (4.3.10)
s=t+1 u=t+1

Hence, the consumption function is
vat - (Qt)il th — (Qt)il (Av,t + H’U,t) (4311)

where A,;, H,; and the inverse marginal propensity €2, to consume are for-
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ward looking and can be recursively written as

Qt =1+ /BU (Rt+1)a_1 'Yt—l—th—i-l; (4312)
A,
Apy = Coy — wily + Ve R’t“, (4.3.13)
t+1
H,
Hyy = wily 4 Yo —22L (4.3.14)

Ry

4.3.2 Aggregation

While aggregation of all static relationships and also assets works like before
in section we have to be cautious for other difference equations like
. Solving forward reveals that H, ;, the human wealth for a household
of age v at time ¢, is independent of v. This implies that aggregate human
wealth is H, = Zf}:_oo H,;N,; = H,;N;. Multiplying by N; and
using L7 = (o N; gives

Ht+1(Nt/Nt+1)

H, = thf + Vi1 R
t+1

(4.3.15)

This coincides with (4.1.18)) only if N = N; = Ny, ;. This shows that this type
of aggregation problems always have to be tackled using an per-capita inter-
pretation. The Blanchard model with time-varying demographic parameters

is implemented in Blanchard demo.

4.3.3 Exercises
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Ex. 5 — Longevity
Linearly increase the survival rate over the first 30 years (and keep it constant

afterward) such that life expectancy for newborns rises by 5 years.

4.4 Timing of Unanticipated Shocks

Summary

This short section briefly explains how several unanticipated shocks
with different timing can be simulated. The corresponding code is

Blanchard unanticipated.

Previously we have dealt with unanticipated shocks which occur when the
economy is in a steady state. The time of the announcement was set to
t = 1, i.e. households and firms with perfect foresight started to react to
a policy change in ¢ = 1 (even if the reform is only introduced in ¢ > 1).
However, how do we simulate shocks that are announced while in transition
because of a previous shock? For example demographic change is an ongoing
process. Simulating a pension reform to address the effects of aging starting
from a steady state entails the problem that at the announcement of the
reform the demography was not in equilibrium. Conceptually, this implies
the same problems as simulating two different tax reforms, one announced
int =1 and one in ¢t = 5. It is important to emphasize the difference to a
situation where two tax reforms, one starting in ¢ = 1 and the second being
effective only after ¢ = 5, are introduced but both are announced at t = 1.
We deal with this in the following way. Assume there are M reforms with M
different announcement dates t,,. We sort them in ascending order in time
and normalize the earliest announcement date to t; = 1 < t9 < ... < tu.
We now have to carry out M full simulation iterations. We first start with
reform 1 and solve for the time-consistent path from ¢; to the last period T'.
In the second simulation we introduce reform 2 but we take all values from
the first simulation from ¢; to 5 and compute the time-consistent path from
to to T, and so on. Figure illustrates this technique for two reforms. The

implementation in the code works as shown in the code extract |4] of the file

20



28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

runme.m.
Figure 4.4.1: The evolution of some variable X for computing two differ-
ently timed shocks in a Blanchard model

A

Code [4 Computing two differently timed shocks in a Blanchard model -

Snippet from runme.m
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4.5 Endogenous Labor Supply

This section briefly sketches the necessary changes involved for endogenizing
labor supply first along the intensive margin (i.e. hours) and then along the
extensive margin (i.e. participation). We only highlight the adaption of the
primitives of the model and the optimality conditions. A full derivation is

provided in section 4.6/ where in addition taxes are introduced.

4.5.1 Intensive Margin

We assume that a household’s consumption bundle @), consists of goods
consumption and leisure captured by disutility of labor in an additively sep-
arable way, i.e. neglecting income effects: Q,; = C,,; —¢(¢, ). Instantaneous

utility is simply «(@Q). Hence, the problem of a household born at v is

U(Av,t) = max U’(Qvﬂf) + B’VU(AU,t-‘rl)? s.t. (451)
Yer1Ap i1 = Ripr [Avy +wily 10, — Cypy]  and (4.5.2)
Qv,t = Cv,t - @(&),t) (453)

0; is assumed to be an exogenous parameter for labor productivity which
implies that w; is interpreted as wage rate per efficiency unit. The two

optimality and the envelope conditions using the usual definition of A, are

Cv,t : ul<Qv,t> = BRt—i—l/\v,t—l—l; (4-5-4)
év,t . U,(th)@/(gut) = ,@Rtﬂ)\v,tﬂwt@t (455)
Av,t : )\v,t = ﬁ)\u,t+1Rt+1- (4-5-6)

Combining the first two optimality conditions reveals that hours are given

by the simple static relationship
g@l(ﬁwt) = wtet = Ev,t = Et' (457)

Notice that because of our separability assumptions labor supply is just de-
termined by the parametric specification of the disutility function of labor
©(+) and the wage rate. Hence, irrespective of age v every household will pro-

vide the same labor supply, i.e. ¢, = ¢;. Aggregate labor supply is therefore
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simply given as LY = £,0,N;. Using the same steps as in sections and

implies that the aggregate consumption function is
Q=" (A + H,), (4.5.8)

where
Hyy1(Ni/Nija)

R ’
which uses the following aggregation results. Using the independence of
optimal ¢; of age v and aggregating (4.5.3]) reveals that

Ht = thf — @(&)Nt + Ye+1 (459)

Z CyiNpt = Z QuiNyt + Z ©(ly) Ny = Cp = Q¢ + (b)) Ny,  (4.5.10)

which can be used to back out aggregate 'pure’ consumption C;. The rest

of the model is solved analogously to the exogenous labor supply Blanchard

models presented in sections [4.1] and

4.5.2 Extensive Margin

In this section we briefly sketch out the introduction of an additional margin,
namely labor market participation. A thorough analysis and the implemen-
tation is left as an exercise. The participation decision occurs prior to the
hours decision along the intensive margin. For tractability reasons we will
make some simplifying assumptions. First, home production h'** consists of
two parts, a uniform fixed partm w and a stochastic part h. Every household
receives many, many i.i.d. shocks to the value of h during the period of one
year. h is drawn from the distribution function F'(-). This is obviously an
unrealistic assumption but it will serve the purpose of thinking about par-
ticipation in a probabilistic way and focus on average household behavior.
The ex-ante probability of a household to draw a sufficiently small value of
h such that participation in the labor market pays off is . In another inter-
pretation ¢ is the share of time of a household spent in participation during

a yearﬁ Like hours supply participation is a static decision. A household

"The main purpose of this fixed part is to ease some comparative static exercises. It
will be dropped again in the next section when we have explicit policy instruments working
at the extensive margin.

8Next to the convenient feature that every household will have the same per period
income which is necessary for aggregation this interpretation also circumvents a violation
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will participate if the following is true
wt&,ﬂt — QD(KU,t) > w + h/v,t = wtﬁu,t@t — @(zvyt) — W = hv,tﬂ (4511)

where h is the level of variable home production at which a household is
indifferent. The probability of participating at a single instance is simply
the cdf at the cut-off § = F(h). Given the law of large numbers this is also
the share of time spent in participation. Hence, yearly labor income per
household is y,; = 0, wily 0. Per period income enters the intertemporal

budget constraint
Yer1Avir1 = Ri1 [Avt + Yot — Codl - (4.5.12)
Home production is integrated in the consumption bundle
Qui = Cop = Ouap (Coy) + (1 — b4) [hS 4 +w] (4.5.13)

where h¢ is the conditional expectation, i.e. h® = F(h)™? f_ﬁoo hdF(h). The
two optimality and the envelope conditions using the usual definition of A, ;

are

Cv,t : ul<Qv,t) = ﬁRt+1/\v,t+1, (4~5-14)
fu,t : U,<Qv,t)5v,t90,(gv,t) = 5Rt+1>\v,t+15u,twt9t (4-5'15)
Av,t : >\v,t = 5>\u,t+1Rt+1- (4-5-16)

Clearly, the Euler equation is unaltered. Observe that we used the envelope
theorem in the optimality condition for hours ¢ by setting Oh/0¢ = OH Com-
bining the first two optimality conditions reveals that hours are again given

by the simple static relationship
@/(€v7t) = wtet = gvﬂg = gt; (4517)

i.e. independently of J, ¢, which again implies that every household irrespec-
tive of age v will supply the same number of hours (in case of participation)
;. This in turn means that also the cut-off h (see |4.5.11)) and consequently

of expected utility.
90h/0¢ = wb; — ¢’ (€, +) which is zero given the first order condition for ¢ (4.5.17).
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the participation rate are independent of v, i.e. d;. Finally, this also implies
homogeneous per period income 1, which means that aggregation works as

before.

4.5.3 Implementation

First we have to fix a functional form for the disutility function of hours,

©(+). We choose the following form

8[ 1+El

p(l) =0T, () 5 — 1. (4.5.18)

Computing the first derivative and inserting in the first order condition

(4.5.17)) reveals that
0, \ "
0, = (wt t) . (4.5.19)

%0
This implies that the elasticity of labor supply with respect to the wage rate

or the productivity parameter is

(9lnft . 8ln€t _ .
Olnw, 0lng, °

(4.5.20)

i.e. a 1% increase in the wage rate leads to an £,% increase in the individ-
ual hours choice. ¢, therefore represents the micro-elasticity of labor supply
because it governs the individual decision. In contrast if e.g. 6, is increased
by 1% for all workers the effect on average ¢; will not necessarily be equal
to €4. In this case we are looking for the macro-elasticity of labor supply
which also include general equilibrium effects through changes in the wage
rate. This elasticity is usually inferred from shocking the model and com-
puting the change in average ¢;. For models with simple production like the
ones presented before we can at least compute the long-run macro-elasticity,
which in this case coincides with €,. As a response to the productivity shock
wages drop only in the beginning but recover to their initial value once the
capital stock grows to its new steady state level. However, the short-run
macro-elasticity will be smaller. The parameter ¢q is a scaling parameter,
i.e. to target a value of £ in the calibration. ¢; is simply used to normalized

the disutility costs ¢(¢) in the calibration, e.g. to 0, which has no direct effect
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on the labor supply decision, but enters the consumption bundle Q).

For the participation margin it is convenient to assume that F(-) follows a
Pareto distribution with scale parameter k£ and shape parameter x. Then

the non-participation rate is
(1—0) =hL""k", (4.5.21)

where k is used to capture the responsiveness of the margin, while £ is used
to target the initial level of participation. Under the condition that ¢(¢) and
w are calibrated to be zero in the initial equilibrium s can be interpreted
directly as micro-elasticity, i.e. a 1% rise in the individual wage decreases
the non-participation rate by k% if hours are kept constant. Further we
can explicitly solve for h¢ = F(h)™! fio hdF(h). The pdf f(h) is given as
kh=""'k*. The partial expectation szﬁ hf(h)dh = 2 [k*h'™" — k]. There-

fore we can write the conditional expectation as

h == li_%,{) q - 3 [K5h " — k] . (4.5.22)

The implementation of the intensive margin in the code is done in the code
Blanchard intensive. Incorporating the extensive margin is left as an ex-

ercise.

4.5.4 Exercises

Exercises

Ex. 6 — The extensive margin 1

Implement the extensive margin from section in the code
Blanchard intensive. Target an initial participation rate of 0.7. An
empirical paper tells you that the individual non-participation rate drops by
1.5% (not percentage points) for an individual increase of the wage rate by
1% if hours are kept constant. Leave the elasticity parameter of the hours

supply unchanged for simplicity. Why could this be a bad idea?

Ex. 7 — The extensive margin 2

Starting from exercise 6] simulate a permanent introduction of welfare benefits
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4.6 Including Government

In summary the following government instruments are considered in this

section

e Income taxes from workers: 7V

e Payroll taxes from firms: 7%

e Lump-sum taxes/transfers from/to households: 7t

e Profit taxes from firms: 777/

o Profit tax deductibility options for capital maintenance costs: ¢
e Consumption taxes: ¢

e Unproductive government consumption: C¢

e Benefits for non-participating households: b
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In this section we additionally introduce exogenous technological progress as
explained in section and detrend the model accordingly. The exogenous

growth factor is G = 1+ g. The previous cases are nested for g = 0.

4.6.1 Households

Households make three decisions: consumption, labor supply along the in-
tensive margin and labor supply along the extensive margin. For the partic-
ipation decision people compare utility for both states and will participate

whenever

(1— TtW)thv,tet - Ttl —@(lyt) - pct > hyy - per + by — Ttl =
|:<]‘ - TtW)th’U,tet - btj| /pct - ﬁp(fv,t) — hwt, (461)

where h is the level of home production at which a household is indifferent.
7V denotes a linear labor income tax for the worker, while b, is a government
sponsored welfare benefit in case of non-participation. Lump-sum taxes 7]
do not condition on the participation status, i.e. they have to be paid in any
case and therefore play no role for participation (or any other labor supply
decision). The disutility and the home production terms are multiplied by
the price of consumption pc; as they are defined in terms of consumption.
See more on this below. Other than those three parameters modeling partic-
ipation works as in section , i.e. § (h) can again be interpreted as share
of time spent in participation during a year. Therefore, yearly labor income

including welfare benefits is
y’U,t = 6’0,t<]— — TtW)thUVtet + (]. — 5’1),t)bt — Ttl (462)

Assume an iso-elastic felicity function u(z) = ﬁx%l such that u/(z) = 277,

Q |~

where o is the intertemporal elasticity of substitution and p = —. The
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households optimization problem is

V(A’U,t) = CmaéX U(Qv,t) + /B/yt+1GpV(AU7t+1) S.t. (463)
Yer1GAp 41 = Rig1 [Avt + Yot — pciCh i (4.6.4)
Qv,t = Cv,t - (51),1‘/90 (gv,t) + (1 - 5v,t)hz7t7 (465)

and equation (4.6.2)).

The price of consumption simply includes the tax rate on consumption, i.e.
pc; = 1+ 7. The optimality and envelope conditions using shadow price
Aot = V'(A,y) are

Cv,t : ul(Qv,t) = BGp_lRtH)\v,thCta (4-6-6)
gut . ul(Qv,t)(SU,t@/(gv,t) = BGp_lRt+1)\v7t+1(5U7t(1 — TtW)tht (467)
Av,t . )\Uﬂf = 5G’071)\U7t+1Rt+1. (468)

Combining the first two optimality conditions reveals that hours are again

given by the simple static relationship
QOI(EUJ) s pcy = (1 — TtW)tht = &J,t = ét, (469)

which establishes the independence of ¢, h and § of age v. From the first order
conditions one can easily spot the different behavioral reactions to changes
in our labor market instruments. An increase in welfare benefits b reduces
participation &, while there is no first order effect on the supplied hours.

Labor tax 7 discourages both, participation and hours supply. Combine

the (4.6.6) and (4.6.8)) to get the Euler equation

' (Qui) = BRiy1 ! (Qursr) (4.6.10)

PCt+1

Given the assumptions about the functional form of u(-) we can write the

Euler equation as

C g
GQupin = (ﬂRthp ! ) Que. (4.6.11)

Ci+1
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Changes in the taxation of consumption influence the relative value of con-
sumption today versus tomorrow. If pc;/pc,y 1 increases we will see a decrease
of Qy+/Qut+1. To derive the consumption function we take the same steps as
in the previous sections. First let us define g, = y, — [d;0 (€;) — (1 — 0;)h§] pey.
Write the intertemporal budget constraint as

s

G o
Av,t = [pCth,t - yt] + Z [pCsz,s - ys] H Rfy ) nsert ‘.

(7

s=t+1 u=t+1
) ) ) s G’}/u
Av,t = [pCth,t - yt] + Z [pchv,s - ys] H R or
s=t+1 u=t+1 ~ Y

Wv,t - Av,t + Hv,t; where

Wv,t = pCth,t + Z pchv,s G’YU Hv,t = gt + Z gs H nyu

R )
s=t+1 s=t+1 ~ ¢ s=t+1  u=t+1 R,

Insert the Euler equation consecutively to solve for the consumption function.

0o S o-1
o (s—t)o DCu—1
Wyt = pciQut + pciQu ( § : B H (R“ PCu ) %)

s=t+1 u=t+1
= pciQufl,  where (4.6.12)
oo s o—1
— (s—t)o PCy—1
Q=1+ <Z B 1T (Ru o ) %) (4.6.13)
s=t+1 u=t+1

Hence, the consumption function is
th = (Qtpct)il ant = (Qtpct)il (Av,t + Hv,t) (4614)

where A,;, H,; and the inverse marginal propensity €2, to consume are for-

ward looking and can be recursively written as

o—1
C
O =1+p7 <Rt+1 e~ > Yer18241, (4.6.15)
PCi+1
GH,
HU,t = ?jt + ’}/t_t'_lR—’M. (4616)
t+1
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Analogously to the sections before aggregation over v implies that

Qi = (upcr) ™" (A + Hy), (4.6.17)
A1 = Ry [At + 1y Ny — pCtCt] , (4.6.18)
GH,.1(N;/N,
H; = §:N; + i1 t“}(z o/ Nivt) (4.6.19)
t+1

Although augmentedm aggregate household income is now a more complex

expression
?tht = (1 — TtW)thtS + (]_ — 6t)tht — Ttht — [5t@(€t) — (1 — 5,5)]1?] pCtNt>

the characteristic of the system of difference equations was hardly altered.
Total labor supply is defined as the supplied hours per participating person
times number of persons, i.e. Lf = 0:4;0;N;. Using the independence of

optimal ¢; of age v and aggregating [4.6.5| reveals that

Z CyoiNypt = Z Qv Ny + Z 0tp(li)Nyy — (1 = 6,)R{ Ny =
Cy = Qy + [000(ly) — (1 — 8¢)hi] Ny, (4.6.20)

which can be used to back out aggregate 'pure’ consumption C.

4.6.2 Production

The production function is assumed to be homogeneous of degree onelﬂ, e.g.

of a simple Cobb-Douglas form
Y, = f(K,, LP) = A° (K™ (L), (4.6.21)

where L” is labor demand which in equilibrium obviously has to equal supply
LS. Capital adjustment through investment is paid out of per-period earnings
as are capital adjustment costs J. Per-period after tax profits (i.e. dividends)
are therefore

xe=Y— 4+ LP — I, — J, —TF, (4.6.22)

10> Aygmented’ in the sense of adjusted for home production and disutility of labor.

11 A denotes total factor productivity and is not to be confused with assets at time t
Ay
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where J; is defined slightly differently to guarantee to again be zero in steady

state )
1 I
J(1;, K;) = SVK: (ft — (6% + g)) : (4.6.23)
t

71" are taxes related to the wage bill. T are profit taxes paid which we

assume to take the following form
T =70 Y — (L + 7w LP — ¢f (T, + 05 K,)] - (4.6.24)

For the taxable profit firms can deduct wage costs from revenues. The tax
system parameter ¢ € {0,1} controls whether a deduction of capital re-
placement investment from the tax base is allowed or not. Note that because
investments are made from retained earnings the 'true’ capital costs will al-
ways exceed the deductible part as the opportunity costs of internal financing
is assumed to be non—deductible@ Inserting for T gives a single expression

for dividends y

xe =1 =7~ A+ 7w LP] — I, — (1= g5, + 577l 65 K,
(4.6.25)

The value of the firm is the discounted stream of per-period profits, i.e.

GVin

Vi=xt+ ; (4.6.26)
Ry
and the law of motion for capital is
GKi1 = (1 - 6K, + I, (4.6.27)
The firm solves the following problem
GV (K
V(K:) = max x: + (Ki41) (4.6.28)
It, t Rt+1

12As we will see later, this implies that the tax distortion cannot be undone using the
assumed method of deductibility.
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Define the marginal benefit of an increase in capital ¢; = V'(K;). The opti-

mality and envelope conditions are

Lt g1 = R (L+ (1= g3r™) ) (4.6.29)
LY Yip = (1+ 7 )w (4.6.30)
K, : q = (1—Tfmf)YKt —(1- STtpmf)JKt—F

rrprof 5K étt—i(l — 1), (4.6.31)

The pay-roll tax rate 7/ clearly raises effect labor costs and therefore reduces
labor demand. To see how the other tax instruments work, let us for the

moment focus on the steady state where J = J; = Jg = 0. Combine

(4.6.29) with (4.6.31) and rearrange to get

61— gpr)

Vi 1 — 7orof

, (4.6.32)

where the right-hand side reflects effective user costs of capital. Observe how
in absence of any tax instrument this would simply be 7 +§%. The profit tax
rate 777/ clearly increases user cost of capital and therefore reduces capital
usage. In case that ¢j = 1, the tax system is not completely neutral as user
cost of capital is reduced to /(1 — 7P"°f) + 6% which however is lower than
(r+ %) /(1 — 7Pl if ¢f = 0.

We briefly establish [Hayashi (1982))’s theorem [3.1.1} which connects the firm
value V' and the capital stock K is also true in the case government inter-

vention in production of the forms described above.

Proof. Take the envelope condition for K; (4.6.31) and multiply both sides
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by K; and expand the right hand side by & qt“ -1y

Qth (1 _ Tprof)YKth (1 _ ¢77prof)JKth + ng TOf(sKK

qt+1 K qt+1
+ — (1 —-0"K; + ;)| — =—1,,
Ry [( ) ' t] Ryt !

@K, = (1 — 777 [YKth+YLDLD YLDL} +orol K K,

. (1 . ¢—0r7_tprof>JKth qt+1 I, + qt+1 GKt+1>
R Ry

@I = (1= 7)) [V, — (L + 7/ YwLy] + o5 65 K,

(1 T prof)JKth ( ( ¢7- prof)JIt)[t+ qi+1 GKt+1,
Ry

q
@K = x¢ + RtH GKiy1.
41

From the first to the second equation we used the law of motion and
expanded by the term (1 — 77"/ )Yrp LP. From the second to the third equa-
tion we used Euler’s theorem and the linear homogeneity of the production
function. We further use the optimality conditions for labor demand and in-
vestment. From the third to the fourth line we use Euler’s theorem and the
linear homogeneity of the capital adjustment cost function and afterwards
use the definition of per-period profits x. Solving forward yields [Hayashi
(1982)’s result

@K = ZXs H -5 = (4.6.33)

s=t u= t+1

Using the law of motion for capital (4.6.27)) and Hayashi’s theorem evalu-
ated at the optimality condition for investment, i.e. ¢1 = Ryp1(1+ (1 —

orrl™1)J;,) gives an implicit relation for investment:

GV
Rt (14 (1= @370 J1,)

I = — (1 - K, (4.6.34)

Using our assumed functional form for .J; we can solve explicitly for I; as the
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solution to the following quadratic equation:

Kit T+ [[1—J<5K+g>} +<1—5K>«Z] I,
- [(1 —6%) [1 — (6% + g)} K, — Cgil} =0, (4.6.35)

where ¢ = (1 — opril).

4.6.3 Government

The government sector is characterized by the following. First, it raises rev-
enue according to the tax bases described above. Second, the government
consumes the homogeneous good. In contrast to households this consump-
tion is not micro-founded but exogenously given by C& > 0. We assume that
this consumption is not taxed.E Government consumption (already by its
name) is assumed to be purely consumptive, i.e. this type of expenditure is
not meant to invest in some form of public capital stock, e.g. infrastructure,
education, etc. which would influence a countries productivity. Third, gov-
ernment provides social security, in this simple model, by granting welfare
benefits to non-participants. Fourth, the government can issue debt in form
of government bonds which by assumption are perfect substitutes for the
other assets (firm shares and foreign assets). Per period government revenue

is given by
Rev, =T/ + (7] L} + TtWLf) wy + 7N, + 7ECy, (4.6.36)
while expenditure excluding interest payments for the government debt are
Exp, = C% + (1 — 6,)bNy. (4.6.37)

For some applications it might be convenient to define C& = ¢ N;, e.g. to

capture increasing costs of public consumption in case of population growth.

3Economically this would not make a difference because the government would simply
put money from one to another pocket. However, to match empirical value added tax
(VAT) shares it might make sense to relax this assumption as in reality parts of government
consumption are indeed subject to VAT.
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The primary balance is consequently defined as
PB; = Revy — Expy, (4.6.38)
which changes the stock of public debt according to
GD{ | = Ry (D — PBy). (4.6.39)

One has to set at least one policy rule for the government, namely, one that

targets long-run debt at a leve["”| that is bounded from above as well as below
3B : lim DE = B and |B| < oo, (4.6.40)
—00

otherwise no final steady state would exist. The policy rule has to involve at
least one government instrument as well as a feasible path of the evolution
of DY. Note that for example big immediate downward jumps, e.g. DS —
GDgrl > CY might prove to be unfeasible as this jump might imply such
a severe tax increase which simply cannot be achieved due to Laffer curve
effects. This is obviously not true for lump-sum taxes, however, next to being
an unrealistic instrument mostly introduced for academic purpose there are
also reasonable limits to this instrument by assuming that household assets
have to be bounded from below at some level. An example of a feasible
policy rule starting from DS would be to adjust employees’ wage taxes 7,V
every period in order to have D¢ = D§, Vt > 0. Another would be to fix
all instruments for 20 years and let DY change freely and then use changes
in government consumption to fix government debt at its current level, i.e.
D¢ = D% .,,, Vt > 20.

4.6.4 Intermezzo: Effective Tax Rates

A single decision margin is often influenced by many different tax instru-
ments. It can be very insightful to capture all the relevant instruments
in a single - decision margin related - effective tax rate or tax wedge.

We denote effective tax rates using the hat notation and start with the

4Note that in a model with exogenous growth one has to target a bounded level of
government debt in detrended terms.
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4.6.5 Temporary Equilibrium

Before stepping through the process of computing the temporary equilibrium

we have to update the market clearing conditions for assets, labor, goods and
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the government budget.

Ay =V,+Df + D¢ (4.6.44)
LY =LP (4.6.45)
V,=Ci+ L+ Ji+ CF + TB, (4.6.46)
PB, = target according to the chosen policy rule. (4.6.47)

The changed goods market condition also implies an adjustment for the trade

balance
GDf., = Ryy1 [Df +TB,], where TB,=Y,—C,—I,—J,—Cf, (4.6.48)

In this section we present the computation of the temporary equilibrium at
t in greater detail in an algorithmic form in order to illustrate better how
exactly the implementation on the computer works. Some of steps could in
principle obviously be swapped. We start with the following information.
re Vt, K;, DF, DS N, and all government instruments except for one are
either exogenously given or predetermined. We take guesses for the foresight
Variableﬂ Q4y1, Vi1, Hiyq as given. The presented steps will lead to a system

of two unknowns (w; and one policy instrument) and two equations.
1. Compute N;y; from H
2. Compute LP from (4.6.30)).
3. Compute Y; from (4.6.21]).
4. Compute ¢; from .
5. Compute h,, §; and h{ from (4.6.1), etc.
6. Compute L7 from its definition.

7. Compute y from its definition.

8. Compute [; from (4.6.35)).

151f 7¢ is the free policy instrument we also have to make a guess for pcsy 1.

16 Ag equilibrium is fully recursive w.r.t. demography one can compute the demographic
development at any point in the algorithm completely detached from the economic prob-
lem.
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9. Compute x; from (4.6.25)).
10. Compute V; from (4.6.206]).
11. Compute Ky from (4.6.27)).

12. Compute £, from (4.6.15)).

13. Compute H; from (4.6.19).

14. Compute @, from (4.6.17)) and (4.6.44)).
15. Compute Cy from (4.6.20)).

16. Compute A, from (4.6.18]).

17. Compute the two unknowns by solving the system (4.6.45]) and (4.6.47)).

18. Compute Df,; from (4.6.48).

19. Compute D&, from (4.6.39).

4.6.6 Walras’ Law

Define the following excess demands

assets : ! =V, + DI + DY — A, (4.6.49)
labor: (=L - L7 (4.6.50)
goods: (¥ =C,+1L,+J,+CC+TB,~Y, (4.6.51)
government : ¢¢ = Rev, — Exp, — PB, (4.6.52)

Rewrite (4.6.49)) by inserting for V; using (4.6.26) and eliminate y; by using
(4.6.22)) to get:

GVis

t+1

Ar= =+ DI+ DF + Y — (L7 )w Ly = I = Jy =T + (4.6.53)
Insert this expression in the aggregate intertemporal budget constraint (4.6.18])
to get

A1 — Vi

G
Rit1

= _C{L““Df"’DtG"’Yt_(1+TtF)thtD—It—Jt—ﬂF‘f‘ytNt—pCtCt-
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Insert for y;/V; and rearrange terms to arrive at

=+ DF +DF —w, (LP — L)+ Y, — I, — J, — C,

+ (]. — 6t>tht — ,_Z“;F — Wt (TtFLtD + TtWLf) — Ttht — TtCCt.

Insert (4.6.50) and (4.6.51)) to get

At+1 - V;t—i—l

G
Ry

= ¢+ D + D —wi(f — ¢ +TB,+Cf

+ (1 — 5t)tht — jjtF — Wt (TtFL? + TtWLf) — Ttht — TtCCt.
Now use the definitions of Rev; and Exp, from (4.6.36) and (4.6.37) and
insert 4.6.52 Afterward insert (4.6.49) at ¢t + 1.

F G A
Dy + Dy — G

G
Ry

= (" +Df +Df —w¢f — ¢ +TB, — (f — PB,.

Insert the laws of motion for foreign assets (4.2.12) and government debt
(4.6.39) to arrive at Walras” Law

G
¢ +wiCk+ A ¢ - L~ (4.6.54)
Consequently, the steady state version of Walras’ Law is

&Y w4+ ¢ 1 %CA —0. (4.6.55)

4.6.7 Steady State

Like for the temporary equilibrium section we use this section to explain the
steps of computing the steady state in more detail. Again some of steps
could in principle be swapped. We start with the following information in
steady state. r, all other deep parameters and all government instruments
except for one which is used to balance government budget are known. The
presented steps will lead to a system of three unknowns (w, D and one
policy instrument) and three equations. The following equation references

always refer to their steady-state versions.

1. Compute N from (4.3.2)).
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2. Compute ¢ from (4.6.9)).
3. Compute h, § and h® from (4.6.1)), etc.
4. Compute L° from its definition.

5. Compute K from (4.6.32) in anticipation of labor market equilibrium,
set LV = L.

6. Compute Y from .

7. Compute L from (4.6.30))

8. Compute gy from its definition.
9. Compute I from (4.6.27))

10. Compute x from (4.6.25).

11. Compute V from .
12. Compute €2 from .
13. Compute H from (4.6.19).
14. Compute @ from and .
15. Compute C from (4.6.20)).

16. Compute A from (4.6.18]).

17. Compute the three unknowns by solving the system (4.6.45)) to (4.6.47)).

18. Compute D from (4.6.39).

4.6.8 Implementation

The model is implemented in the code Blanchard government. The different
possiblilities of balancing government budget are integrated using a conve-
nient switch. As default debt rule the code uses a rule where the detrended
debt level is constant every period. More sophisticated rules are left as an ex-
ercise. Starting now all codes use explicit checks for Walras’ Law and steady
state as well as temporary equilibrium. Consistently checking Walras’ Law

is a helpful routine in order to avoid bugs in the model.
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4.7 Exercises

4.8 Intermezzo: Progressive Taxation
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4.9 Intermezzo: Interpreting Average and Marginal
Tax Rates
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Chapter 5

OLG - The Gertler Model and
Probabilistic Aging

Summary

In this section we extend the Blanchard model in a small open economy
setting with endogenous labor supply and a government sector to a two-
age-class model in the spirit of Gertler (1999). The two-age groups are
interpreted as workers and retirees which differ in labor supply and income
streams but can still separately be aggregated similar to the Blanchard
model. This feature allows modeling of a pension system. The section
then further discusses the generalization of the Gertler model to A age-
classes known as 'Probabilistic Aging’ as proposed in Grafenhofer et al.

(2007). The corresponding code is Gertler.

5.1 The Gertler Model

5.1.1 Description of the Economy

The economy is almost identical to the small open economy Blanchard model
with endogenous labor supply and existence of a government. The two age-
classes differ in the following way. Young workers supply labor and in case
of participation pay contributions that not only finance non-participation
benefits for the young and government consumption but also old-age pension
benefits.
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5.1.2 Demography

Let us use a as superscript index for the age-class which can either be w
(worker) or r (retiree). Both face a mortality risk by dying with probability
1 — ~* every period, where we assume that v* > 77”E| In addition workers
face an ’aging risk’ capture by the feature that with probability 1 — w they
will age into the next age class and retiree. Hence, in absence of a mortality
shock for the young workers will on average stay 1/(1 — w) periods in the
working age class. Similarly to the Blanchard model we have to keep track
of the demographic characteristics of a household. But instead of storing the
time of birth we also have to keep track of the time of retirement. We assume
that all this relevant information is stored in a biography «. If a household
retirees the biography is updated from « to o', with the consequence that
any variable X, does not necessarily coincide with X,,. The optimization
problem is later solved for a representative household with some biography

a. The evolution of the mass of persons of a specific biography « is therefore

death: N(Lt+1 = Nit (11— %a+1)a Va,
no aging (worker): N, ., = Ny, - 74,0,
no aging (retiree):  Nj .y = N5 Vi1,
aging: g’,t+1 = N:)Zt : ”Ytu—)kl(l —w).
The mass of households within an age-class simply follows from aggregating

over all possible biographies, i.e. N = >  Ng,. Using the law of large

numbers this implies the following evolution w.r.t. age—classeﬂ

Niy =7 N+ (1 —w)N?, (5.1.1)
Ni = vnwNg + NByg. (5.1.2)
IThe original (Gertler| (1999) model assumes v = 1, i.e. no mortality risk for the

workers. The presented specification nests this special case.
2See |Grafenhofer et al.| (2007) for thorough proof.
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5.1.3 Households

The income streams for a household with biography « is

Oot(1 — MV w,l,, .0 1—08,)by — 7! if a =
yg[’t :{ ,t( Ty )’LUt it t+( 7t) t Ty I a w (513)

l =
P —T ita=r

Further, define y,; = yo, — [(5a7tcp (lor) — (1 — 6a,t)hg’t] pc;. Observe that
income could in principle depend on the individual biographies because the
choices of hours ¢ and participation 6 might. We will later show that in
equilibrium those two choices, given our preference assumption will not differ
for different biographies, hence, yg , = yi Va. Similarly to before using a

reverse life insuranceﬂ the intertemporal budget constraint is
Vi GAG 1 = R [Ai,t + Yo — pCtCZ,t] , with Agy = AL (5.1.4)

Observe the last part stating that the assets stock is unchanged during the
process of retiring. We explain the two household problems for retirees and

workers separately.

Retirees

The problem of retirees is identical to that of the Blanchard model with
exogenous labor supply (as retirees do not work anymore). Preferences are
given by a special non-expected utility CES form as proposed by [Farmer
(1990). It implies that households are risk-neutral while still an arbitrary

=1 can be used. This

intertemporal elasticity of substitution o with p =
deviation from standard preferences does not impact retirees but it implies
that workers will be risk-neutral concerning the aging risk. The households

optimization for the retirees is

(4 T T T 1
Vie=max [(CL) + B @vr )" st (B.14), (5.1.5)

a,t

where V7, is short for V(Af, ;). The optimality and envelope conditions using

3There are in fact two reverse life insurances: one for the workers and one for the
retirees.
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)P~ are

shadow price A, , = V'(A7,,) - (Vi

a,t
ng,t : (Cg,t)p_l = 5Rt+1Gp_1/\g’t+1pCt, (5.1.6)
Agvt DA = 6Gp_1)\;7t+1Rt+1. (5.1.7)

Combining (5.1.6)) and (5.1.7]) results in exactly the same Euler equation as
before in the Blanchard model

C o
GCr,,y = (5}@ pet ) cr,. (5.1.8)

PCii1

As the budget constraint is also the same as before we conjecture that the

consumption function is again given by
T r\—1 r T
at — (Qt) (Aa,t + Ha,t) (5-1-9)

where human wealth Hj , and the inverse marginal propensity (2} to consume

are forward looking and can be recursively written as

o—1
r o pc r r
Q=1+6 (Rt+1 t > QUASLLATY (5.1.10)
PCiy1
GHp i

— 5.1.11
Ry ( )

ng,t = y: + 7{+1

Workers

The solution to the household problem of the workers is more difficult for two
reasons. First, they in addition also have to optimize the labor supply. This
was already covered in section and works analogously again. Hence, this
will not be discussed in further detail here. The important thing is that both
labor supply decisions again are independent of the biographies « - a result

that carries over from the Blanchard model. The problem of the worker looks

as follows
w w w r Jw 1/
Vor = o [(Ca,t>p + 8% (Gva,t—&-l)p} ’ (5.1.12)
st. (513) and (F-14),
Qo = CFy — 00 (Lay) + (1 — 0a) 5, (5.1.13)
Vot = wVol + (1= )V iy (5.1.14)
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Define the following shadow prices

w w r
AV — dVaat (Vw )P*l j\w — |w V%t-‘rl + ( N CU) Va',t-‘rl (_w )P*l
at T w a,t » Dagt+1 T w r a,t+1
dAa,t dAa,t—H dAo/,t—‘rl

then the two optimality and the envelope condition are given by

lag s ( g,t)pilwl (la) = ﬁRtHGpil/_\Z,tH(l =7 Jwibh, (5.1.15)

Chi: (Qu) ' = BRG AL, ey, (5.1.16)
AV A = BGPTINY L Rig. (5.1.17)

First, observe that combining ((5.1.15)) and (5.1.17]) implies exactly the same

labor supply function as in the Blanchard model
@/(€a7t) * P = (1 - TtW)tht = ga,t - gt, (5118)

The participation decision also works analogously. Combine (5.1.16]) and
(5.1.17) to get \¥, = (Q¥,)*~*/pc,. Insert this into the definition of ¥, ,
to get

yw w r -1
A1 = 1/pcea Tapn [wQ iy + (1= w)Clh 1 Mo ] (5.1.19)

v, jCr, .
1 1
where Ay i1 = o ou— /Qﬁ L and Yo = w + (1 —w) (Aag1) 7. We can
a,t+1 a,t+1

now eliminate the shadow values in the envelope condition to get the modified

Euler equation for the worker that incorporates the chance of retirement

(e

C
G wQ 1 + (1 = w)Ch i haga] = |BR Taspr—t v (5.1.20)

a,t-
PCia

Observe that this expression nests the Euler equation of the Blanchard model

for w = 1, i.e. if there was no retirement.
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Proposition 5.1.1. Solution first part.

@) Ve =) .Qy,
(@) VI, =().crn,

o—1
w pc w
(i) Q=1+ ’Vt+15 (Rt+1Tt+1p : ) Qt+17

Ci4+1

o—1
. T T pc T
() @ =14797,8( Rip— Qi1
PCty1

Proof. The idea of the proof is to show that starting from the Euler equation
that (i) and (iii) will fulfill the Bellman equation (5.1.12). Using
analogous steps have to be taken to prove (ii) and (iv) for the retirees. First,
observe that the definition of the inverse marginal propensity to consume
2 in (iii) implies that it is independent of history «. Second, insert (i)
in the definition of A1 to get (Qr,,/Q%)Y? which is consequently also
independent of «. Use this to eliminate A, in the Euler equation (5.1.12)),
replace the consumption terms using (i) and (ii), multiply by €, and use

the definition of V%, to get

T rw bc w w w
G at+1 = |:5Rt+1Ta,t+1pC d } Vat (Qt+1/Qt )1/p-

t+1

Raise the equation to the power of p, multiply with 74,8 and use op = o — 1.
o—1
ct } Qv with Q¥ — 1 using (ii) to

PCt+1

Replace the term ~;% 57 |:Rt+1 Toit1

arrive at
’Yt+15GVa t+1 = Vw (€ — 1)/
Use (i) again on the right-hand side to establish that the Bellman equation

(5.1.12)) is fulfilled. n

Proposition 5.1.2. Solution second part.

() QU= (pe) ™" - [AY + H'T,
(i) Chp=(Qpe) " - [A] + H]J,
(i) HYy, =G0+ 7 GHY /(Yo Res),
where HY, = [WHY,  + (1 —w)H (A1) ],
() Hoy =y + 71 GH 1/ Reva.
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Proof. The proof is done by showing that consumption function (i) is consis-
tent with the Euler equation . We rely on the results of the first part
to the solution above. Again the same steps have to be taken for (ii) and
the retirees. Insert (i) and (ii) on the left-hand side of the Euler equation
to eliminate the consumption terms, collect terms, use the definition

[Tw r — Aw
of Tyyy and HY,,; and use A7, ., = Ay, to get

Ct+1

_ C g
G (Yo Ay + Hy o) /(0 pei) = {ﬁRtHT,ﬁpr d ] Qo

Multiply by 7% 1 pceq1/ (Reg1Tip1) and replace v \GAY 1 /Ry by AY +
Y’ —peCY, using (5.1.4). Next replace vy \GHY, /(Tes1Rep1) by HY, — Te

by using (iii) and arrive at

yuer

Ct+1

o—1
Agy Tyt —paCyy + HYy — 4 = 74187 |:Rt+1Tt+1 } O paQy -

Now use (5.1.13) to rewrite the left-hand side as Ay, + HY', — pcQy - Next,

rearrange to get

o—1
w w w w g pc w
(AY + H) [ (peQy) = 1+ 7548 {RtHTtH - } Q-
PCtia
Observe that the right-hand side is equal to €2}" which leaves us with the

consumption function (i). .

5.1.4 Aggregation

Aggregation works analogously to the sections before. Again, as labor income

is independent of history a so will be H?

a.¢» Which we simply denote as hj.

Hence, aggregate human wealth is H = h{ N/ for a € {w,r}. The aggregate
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laws of motion are therefore given as follows

Cy = (per) ™" (A] + HY), (5.1.21)
Q= (Upe) ' (AP + HY), ( )
GAYy = RipawSy, Sy = [AY + 4’ NP — pe, O (5.1.23)
( )

GAJ,, = R [A] + yi N} — pa,C} + (1 — w)S,] 5.1.24
Gh
hy =y + 72;1#:, (5.1.25)
G [wh;"ﬂ + (1 - W)h:ﬂ(AtH)l_p]

ha =Gt %{JH TRy

5.1.5 Production

Production is identical to the case of the Blanchard model with government,
see section (4.6

5.1.6 Government

Government is very similar to the Blanchard model with government, see
section [4.6.2 Government expenditure is given as

Exp, = CF + (1 — 62)b, N + PN}, (5.1.27)

where the second term is total welfare benefits paid and the third term is the

expenditure on old age pensions. Revenues are
Re’l}t = T;F + (TtFLtD + TtWLtS) wy + Ttht —+ TtCCt. (5128)

The primary balance is again the difference of revenues and expenditures.

5.1.7 Exercises

Exercises

Ex. 10 — The Gertler Model

Implement the two-age-group Gertler model based on the code
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Blanchard government. Pick reasonable values for the additional pa-

rameters.

Ex. 11 — Life-Cycle Savings Decision in Presence of a Pension System
Based on the implementation of the Gertler model (Ex. [10)), simulate a com-
plete cut of pension benefits. Compare savings behavior (marginal propensities

to consume) of young versus old over time and interpret.

5.2 The Probabilistic Aging Model

The probabilistic aging model (Grafenhofer et al.| (2007)) is a natural exten-
sion of the Gertler model from 2 to A age groups which is briefly discussed
now. Let a be again the age group index with a € {1,2, ..., A}. This implies

the following laws of motion for population

death: va,t+1 = Ny, (1 =7%41),
no aging:  Ng 1 = Ng, 7w
aging:  NyfL, = No, (1 —w).

where 1 — w® is set to reflect the average time spent in age group a before
aging into age group a+ 1. An advantage of this specification is that the size
of the age groups can be detached from the frequency of the model, i.e. the
model can be used at yearly frequency without the need of using single-year
age groups as in the Auerbach-Kotlikoff model (chapter @, while in contrast
to the Gertler model a more realistic life-cycle behavior can be modeled.
The Probabilistic Aging model is typically implemented using around 10 age
groups, where a cut-off age group a’ is defined such that households with
a < a® are workers whose problem is similar to the one of the workers in the
Gertler model and households with a > a® face a similar decision problem as
the retirees in the Gertler model. A novelty is the use of a mixed age group
a = a'*, where the participation decision is interpreted as the retirement

decision as illustrated by the expected per-period incomes

53,15(1 - TtW’a)w%g,teg + (1 - 5g,t>b? - Ttl if a < a®
Yau =9 0o, (=7 Ywis 07 +(1—82 )P -7 ifa=a" (521)
Pta_Ttl if a > a”.
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Chapter 6

OLG - The Auerbach-Kotlikoff
Model

6.1 Small Open Economy

In summary the following government instruments are considered in this
section. Note that we explicitly differentiate between pension contributions
and other wage dependent taxes (or other contributions)

e Pension contributions from worker: 7

e Income taxes from workers and retirees: 7V

85



e Pension contributions from firm: 7£¢

e Other pay-roll taxes from firms: 75

e Total tax burden on labor for workeit} 7V = 7Wi 4 7We . Wiz Wee
e Total tax burden on pay-roll for firms: 78" = 75 4 7

e Lump-sum taxes/transfers from/to households: Tt

e Profit taxes from firms: 777°f

e Profit tax deductibility options for capital maintenance costs: ¢

e Consumption taxes: ¢

e Unproductive government consumption: C%
e Benefits for non-participating households: b
e Gross pension payments: P

e The effective retirement age: reflected in ¢

6.1.1 Demography

The model works with A + 1 representative households that differ by age a,
i.e. a €{0,...,A}[| Aging is directly linked to the evolution of time indexed
with ¢, i.e. a household of age a at time t is of age a + n in t + n (unless it
died in the meantime). Households die end of period t with an age-specific
mortality rate (1 —~7, ;). Let N/ be the mass of households of age a at time
t and NB;.; the number of newborns end of period ¢. The demographic

structure is defined by a simple system of equations

N{yy = NBip (6.1.1)
NE =i NE, A = 0wt (6.1.2)

IThe parameter v nests different specification depending on whether pension contribu-
tions are income tax deductible or not.

2Note that a = 0 does not necessarily have to be the beginning of life, it could as well
be the beginning of adulthood.
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The restriction 74 = 0 guarantees that the maximum attainable age is A.

Total population size is given by
A
N, =) N (6.1.3)
a=0

6.1.2 Households

Households face the following intertemporal budget constraint . Ob-
serve that we did not assume a reverse-life insurance as in the Blanchard
model before. More realistically, we assume that asset holdings of house-
holds that died because of a mortality shock are bequeathed to younger age
groups. Note that the end of period asset holdings of households of max-
imum age A are zero because they die with certainty. abf denote the flow
incomes of younger households from these accidental bequests. The fact
that the individual law of motion for assets is not directly affected will have

important implications on the consumption profile over age.
GALL = R [A] + 9} —paCY], g =yl + ivf + alf (6.1.4)

where 7 denotes total per period income flows. v are intervivo transfers
between different generations with the condition that Zf:o wi NS =0, ie.
wy can be positive for some and negative for other age groups. This is
introduced in order to fit the model better to age-specific asset profiles in
the implementation. Per period income (without intervivo transfers and

accidental bequests) y is given by

yi = 6 [0 — 7" ywlg0 + (1= 60| + (1= 67) (1 = 7 P — 7).
(6.1.5)
This requires some explanation. First, participation works like in the previ-

ous section with the exception that it is age-specific, i.e.
i = |(1= 7 Ywntey = | oo — (), = 0F = FU(B)).  (6.1.6)

The participation decision and the hours decision however only occur when
a household is not retired. ¢§ denotes an indicator variable whether a house-

hold is retired or not. Hence, the first term is labor income which is effective
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labor supply, i.e. hours ¢} times age-specific productivity 07 times after tax
and contribution wage rate (1 —7,""*)w, for the time spent on the labor mar-
ket. Note that the wage rate w; per effective unit of labor supply is not
age dependent as workers of all age groups interact in a single labor market.
During non-participation households get benefits b* and do not pay taxes
nor contributions (by assumption). The second term of denotes the
net income in case of retirement where (1 — 7"%%)P% is an after tax pay-
as-you-go pension, i.e. financed out of current pension contributions from
workers and the firm. Note that retirees themselves do not pay contributions
to the system anymore. While in principle ¢¢ can only take the values 0
and 1 we allow that it can take intermediate values for one age group in
order to reflect retirement during a calendar year. For simplicity we treat
the retirement as an exogenous policy parameter assuming that the govern-
ment can directly control effective retirement The last term Ttl’“ reflects
lump-sum taxes (or transfers if negative) which do not alter the labor sup-
ply decision. The disutility of providing labor supply and the value of home
production are included in the consumption bundleﬁ Hence, the conditional
expectation of the value of home production during non-retirement is again
hee = Fo(h*)~1 f_h;hdF “(h). By assumption retired workers receive no
value from home production. The optimization problem of an individual

household of age a looks as follows

V(AY) =max [ (Q7) + B GPVEY], st (6.1.7)

©.14), (6.15) and (6.1.8)
Qp =Cp = Wi, Wy = ¢p [51¢" (67) — (1= 67)hy“] .

Define the change in remaining life utility at time ¢ to a marginal increase

in financial wealth as A\ = 0V,*/0A¢. The two optimality and the envelope

3Endogenous retirement in Auerbach-Kotlikoff models exists but comes with numerical
challenges as it involves discrete optimization.

4The disutility function itself can also be age dependent, e.g. to capture different labor
supply elasticities.
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conditions are

Cf = (D)™ =71 8GR A pe (6.1.9)

0 (@) oo (6]) = A BGP T Ry A @67 (1 — 7wy
(6.1.10)

AV o N = BGPT R N (6.1.11)

Combine (6.1.9) and (6.1.11)) to get (Q¥)"™" = Aepe,. Use this expression

again in (6.1.11]) to derive the Euler equation

GQ = {ﬂvg-i-lﬁRt—&-l} Q- (6.1.12)
PCrra

This looks very similar to the Euler equations we have studied in the pre-
vious sections with one important exception. The survival rate 7, en-
ters this expression. This is only due to dropping the reverse-life insur-
ance assumption and is no peculiarity of the Auerbach-Kotlikoff model as
such. Let us for the moment assume that consumption prices are constant
over time. Hence, the choice of the consumption bundle Q% will increase
in age if [y, BR+1]7/G > 1. As the survival rate 77, , decreases in age
there can be situations where [y{, 6R;1+1]7/G > 1 for young age groups but
[V 1BRi+1]7/G < 1 for older households. This would give rise to a hump-
shaped consumption profile (as observed in the data). We will revisit this
topic again in the implementation section . Next, combine ([6.1.10)) and
to get a simple implicit expression of optimal labor supply

pere™(68) = (1= 7" Ywib;. (6.1.13)
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Using equivalent steps as in the sections before one can derive the character-

ization of the consumption function for a household of age a

Qf = (Ype,) " [AY + HYY, (6.1.14)
pe o—1
a a g t a
O — 14 (1£,,5) (Rm ) . (6.1.15)
PCiy1
GHa—H
Hf =y} — Wipe, + ——+, (6.1.16)
Ry
Cy = Qf + V. (6.1.17)

Observe the important difference to the Blanchard model discussed before.
Because some of the variables, e.g. the survival rates or the income flows, dif-
fer by age we can no longer analytically aggregate and describe the economy
as governed by a single consumption function. Instead we have to solve the
household problem for every age group individually and can only aggregate

the results afterwards.

6.1.3 Accidental Bequests

We now have to specify the conditions received accidental bequests abf have
to fulfill. We assume the following timing. At the beginning of a period
households receive accidental bequests at the same time as the other income
flows and start consuming. At the end of the period some households die

and leave their savings Sy,
Sy =AY +y +ivf + abf — pe,CY. (6.1.18)

This implies that at the end of every the period the following total assets are
collected Zf:o(l —¢1)S¢N{. Hence, the following condition which equates

accidental assets received and given has to hold
A A

D abNg = (1= A1) SN (6.1.19)

a=0 a=0
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More specifically, one can assume a distribution rule of the following form

A
1—~8,)SFNS
ab? — gta X Za:O( N’);t-‘rl) t t ’ § 621 — 1’ (6120)
t

where &' denote some exogenous weights.

6.1.4 Aggregation

Aggregate effective labor supply is LY = Zf:o @gogeOf NI . Tt is handy to
define the average labor and contribution tax rates over all ages paid by the
A W,a iasapapa nra

workers as 7V = a0y Lsf‘st G0 Ny
t

aggregate after tax and contribution labor income as w;(1 — 7/V)L7 like we

. This way one can conveniently write

did in the Blanchard model. Similarly, 7% is used as notation for the average
pension contribution rate. All other variables are aggregated by adding all

age classes, i.e. for some variable X we define

A
X, =Y XNy (6.1.21)

a=0

The evolution of aggregated assets can be computed as followsﬂ Multiply
(6.1.4) with Nfv¢, |, use the demographic law of motion (6.1.2)), sum over a

>The law of motion of aggregate assets is of much less value for us than it was in the
Blanchard model, because we explicitly have to solve for all age-specific asset holdings
anyway.
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and eliminate Zj:o ab} N using (6.1.19).

GAILIN{ =R SYN} & GATHNI = R SENG &
GAFHINSH =Rt (Sf — (1= 1) S8 N =

A A
GZA?illeﬁl =Ry Z (Sf = (1 =85S N =
a=0 a=0
A A A
Gy AINEN =Rua 3 SINY = Rua 3 abiNi
a=0 a=0 a=0
A A
G Y ATHNGT =Re ) IAL + i +ivf — peC N} &
a=0 a=0

A
G Z AFHINES =Ryg [Ar + g + iv — peiCy]
a=0

The left hand side can be rearrange as follows using the fact that 'newborns’

have zero assets as do people in the last age group at the end of the period.

A A-1
+1 A0+ _ +1 p7a+1 A+1 7\ A+ 0 A0
G E AT NET =G E AT NG + GAGY NI =G AN,
a=0 "’ "’

a=—1

=0 =0
A-1 A
=G Y ATING =G Y AL NG, = GAu
a=—1 a=0
Hence,
(?/h+1::.EQ+1L4t+-yt%—ivt——1x3Cﬁ]. (6jﬂ22)

6.1.5 Production

Production is identical to the Blanchard model with government, see section
4.6.2)

6.1.6 Government

Government is very similar to the Blanchard model with government, see
section [4.6.2] Government expenditure is given as

A A
Exp, = CF 4+ (1= 60Ny + ) (1= ¢f) PN, (6.1.23)
a=0 a=0
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where the second term is total welfare benefits paid and the third term is the

expenditure on old age pensions. Revenues are

A
Revy = TF + (7 L + 7" L) w + Ny + 70 Co+ Y (1= )" PN

a=0

(6.1.24)
The primary balance is again the difference of revenues and expenditures.
The overall budget can be divided into the pension system and the gen-
eral budget. Payments into the pension system are the sum of all contribu-
tions, i.e. (TtF’CL? + L8 > w; while the expenditure is given by Zf:o( 1-—
¢¢)PANP. If contributions fall short of the pension payouts the system is
implicitly cross subsidized by the general budget.

6.1.7 Equilibrium and Walras’ Law

Computation of both temporary equilibrium and the steady state follows the
same procedure as thoroughly explained in section 4.6 The only difference
is that the household decisions have to be computed A + 1 times instead of
once and then have to be aggregated to fulfill the market clearing conditions
(4.6.44) to (4.6.47). In every period 2* and H* have to be solved backward

in age, while afterwards A® and @Q® have to be solved forward in age. For

the derivation of Walras’ Law we define the excess demand for intervivo-
transfers as (/¥ = —iv; and the excess demand for accidental bequest as

AB — 2;4:0(1 — Y 1)SENE — aby. Insert both in (6.1.22)) and follow the
steps of the proof in section (4.6) to establish

G A
(t‘/+wt<f+c;“+<§+§{v+<;‘3—ﬂ = 0. (6.1.25)
Ry
Consequently, the steady state version of Walras’ Law is
& w4+ C VP = (6.1.26)

R

6.1.8 Intergenerational Distribution

The Auerbach-Kotlikoff model is an obvious tool to evaluate redistributional
effects of policy reforms between generations. Keeping track of individual

consumption bundles for different age groups and different points in time
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allows us to compute the indirect utility of remaining life time for different
ages and dates. Indirect utility can be computed by recursively inserting the
optimal solutions for consumption bundle @ into (6.1.7). One can then evalu-
ate a reform by computing welfare changes in (pure) consumption equivalent
terms. For that we compute by which constant factor every C' has to be mul-
tiplied for the remaining life time to end up with the same indirect utility.
This change can be compared to the initial steady state indirect utility values
where, by construction, all generations have the same indirect utility for a
given age. One should however always keep in mind that welfare gains from
insurance against myopic behavior (one of the justifications of having a pub-
lic pension system in the first place) are not included in our welfare measures.
In the codes for the Auerbach-Kotlikoff model (with and without earnings
related pensions, for the latter see section AuerbachKotlikoff and
AuerbachKotlikoff _earnings_link measurement of welfare changes is done
in the functions welfare (relative change in indirect utility) and welfareC

(relative change in consumption equivalent terms).

6.2 Calibration and Implementation

Calibrating models like those described so far typically comes with two type
of variables that have to be treated differently in the calibration. One type
is set in order to replicate first moments of the data in the initial steady
state. The other type is chosen in order to capture the correct 'behavior’
of the model (e.g. elasticities, etc.). The latter type has be discussed e.g. in
the section on micro- vs. macro-elasticity of labor supply. For the moment
matching parameters we can distinguish those that are simply set to their
empirical values, e.g. observed interest rate or the labor productivity growth
rate and those that have no clear (or a non or hardly observable) empirical
counterpart which are chosen in order to replicate another empirical target.
An example would be setting the scaling factor in the production function in
order to match (normalized) GDP. As we typically want to look at structural
reforms we want to eliminate any influence of the current position in the
business cycle on our calibration. Hence, for variables that are particularly
sensitive to the business cycle a simple way is to take an average over the

last couple of years instead of just using the very last observation (e.g. for
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the real interest rate). The task of finding an appropriate calibration target
for a parameter is far from trivial and depends on the type of analysis that
should be carried out. An example is the discount rate p. On one hand it
can be used to replicate the approximate shape of life-cycle consumption.
On the other hand it might be used to replicate the average trade balance.
Depending on which target is chosen this might imply very different values
for p. In principle there is often a choice to be made on whether a target at
the household level or the economy level should be matched. Discrepancies
between those two can occur due to simplistic modeling or if the data is taken
from a non-stationary economy. An example for the former is matching
the tax burden at the household level where the modeler would want to
capture the effective tax at the margin versus matching total tax revenue.
If the tax system is approximated in a linear way outcomes are very likely
to be different depending on the calibration target. An example for the
calibration target trade-off due to non-stationary of the data is replicating
different aspects of the demography. This will be explained in more detail
in the next section. For an efficient implementation it is convenient to find
the indirect calibration targets (data moments) numerically using a root-
finding algorithm (do not set the corresponding parameter values by hand
using trial-and-error!). Only then as the last step if the stationary economy
is replicated in the calibration we adjust the behavior of the model to shocks
(e.g. matching macro-elasticities or the recovery time of the capital stock
after a shock, etc.). Table holds an incomplete matching of parameters
and calibration targets before we discuss some critical calibration challenges

in more detail.

6.2.1 Calibration of Demography

Calibrating the demography typically comes with the challenge that the cur-
rently observed demographic distribution is in transition and not stationary.
Given the current mortality rates the population is younger than in a final
steady state (assuming that mortality rates are frozen). We illustrate this for
Finland. Eurostat publishes the population mass for every age as well as life
tables that contain the conditional mortality rates, i.e. the empirical equiv-
alent of 1 —~v*. Using data for 2010 the dependency ratio is 0.244 using the
2010 population shares while it would be 0.290 for a stationary population.
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We defined the dependency ratio as the number of 65+ aged persons divided
by the number of persons younger than 65@ Using the empirical mortality
rates therefore implies that we will overestimate the share of old persons in
the population resulting in incorrect aggregate pension payments and tax
revenues. On the other hand if we increased the mortality rates in order to
match the actual dependency ratio this will lead to different consumption be-
havior, as households in the model would have a lower life expectancy than
in reality. To illustrate the mismatch compare the actual age distribution
(red bars) versus the stationary one implied by the actual mortality rates
(blue bars) in figure Next to the very old also the very young are

Figure 6.2.1: Fit of demography in calibration for Finland
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Note: Population size and mortality data from Eurostat, 2010. Total population size normalized to 100.
Blue bars reflect the predicted stationary distribution according to mortality rates from 2010. Red bars
reflect the actual 2010 population size for different ages.

overestimated in the calibration. In contrast the share of persons between
approximately 45 and 65 ("baby boomers’) is gravely underestimated. In

principle one can think of three options in order to improve the calibration.

6As we purely focus on the demography in this section below 20 year old persons are
not excluded.
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1. Compromise between both targets. This means that one tries to
increase the observed mortality rates for the old persons prudently in
order to come closer to the dependency ratio target without lowering
life-expectancy too much. This can help to improve the fitting but can

never replicate a case where N¢ < No+L,

2. Use ’pseudo’-migration flows. When working with a simple im-
plementation of migration to the model (see section one can do
the following. Calibrate the steady state migration flows such that the
current population structure is perfectly matched. Once the simulation
starts the actual migration flows are loaded (as a reform). The trick is
simply to assume that the current observed population structure is not
the outcome of a transitory process that is not completed yet but by
a constant net migration pattern (unrelated to the observed migration
flows), e.g. we assume that young persons constantly immigrate while

old ones emigrate.

3. Start demographic change before. The cleanest solution is to start
the demographic change already decades ago such that the current
population structure is transitory in the model just like in reality. In
order to evaluate a reform introduced now but not already anticipated
in the early years when the simulation was started one can use the
methods described in section[d.4 A drawback of this approach is how to
precisely calibrate other variables, e.g. GDP, the private consumption
and various tax shares for the current year if they are themselves just

a transitory outcome.

6.2.2 Consumption and Asset Profiles

Empirical consumption profiles are usually hump-shaped in age.

A way to introduce this to a model with perfect foresight and consumption
smoothing is with age-dependent mortality rates which will enter the Euler
equation (as long as there is no reverse life insurance). For the given mortality
rates and the observed real interest rate a hump-shaped consumption profile
is only given for some choices of f = 1/(1 + p). Figure illustrates this
for different choices of the discount rate. The intuition is that in early years

survival rates are very close to 1. We need p to be smaller than r in order to
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Figure 6.2.2: Life-cycle consumption profile for different discount rates
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have an increasing profile over the first years. Only when the mortality rates
start getting larger consumption growth in the Euler equation falls below 1.
The reasons for hump-shaped consumption profiles can be manifold. In a
model where households are partially finance constrained (see section
the hump-shape can result from a similar shape to the income profile. An
explicit warm-glow or bequest motive can also change the Euler equation in
order to produce non-monotonic consumption-age profiles. The next thing

to look at are the asset-age profiles.

Figure 6.2.3: Life-cycle asset profile with and without using intervivo trans-
fers
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With consumption smoothing and hump-shaped income profiles one would

assume that households are net lenders, i.e. they have negative assets, dur-
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ing the first part of their lives. However, empirical profiles typically draw a
picture of increasing (average) assets throughout life before only in the later
years assets decline. One explanation could again be that many households
face borrowing limits, hence, they cannot run into considerable debt while
young. Another, is that young households receive asset transfers from older
households. In the presented model this kind of intervivo transfers was intro-
duced in an exogenous ad-hoc way for the single purpose of improving the fit
of the asset-age profiles. Figure [6.2.2] illustrates the calibrated asset profile

once with and once without using intervivo transfers.

6.2.3 Accounting

The available code provides a simple way of having an overview of the cali-
bration and checking all identities. Use the function writecalib2latex after

calibration to automatically produce the following output[’]

Table 6.2.2: Production

Production cost Absorption
Wage related income 72.000 | Private consumption 50.000
Capital related income  28.000 | Government consumption  37.187
Capital investment 22.292
Trade balance -9.480
GDP 100.000 | GDP 100.000

Table 6.2.3: Business Sector

Expenditure Income
Wages 60.000 | Output 100.000
Dividends 4.846
Capital investment 22.292
Corporate taxes 0.862
Firm PAYG contributions 9.000
Firm pay-roll taxes 3.000
Total 100.000 | Total 100.000
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Table 6.2.4: Household Sector

Expenditure Income
Private Consumption 50.000 | Wages 60.000
Households PAYG contr. 6.000 | Publ. transfers to households -40.115
Income tax workers 2.700 | PAYG Pensions 23.626
Income tax retirees 1.181 | Non-part. benefits 10.602
Consumption taxes 10.000 | Dividends 4.846
Accid. bequests given 13.065 | Accid. bequests rec. 13.065
Intervivo trans. given 13.834 | Intervivo trans. rec. 13.834
Private savings 6.553 | Private interest earnings 17.475
Total 103.334 | Total 103.334
Table 6.2.5: Government Sector
Expenditure Income
Government Consumption 37.187 | Income tax workers  2.700
Publ. transfers to households -40.115 | Income tax retirees  1.181
Non-part. benefits 10.602 | Firm pay-roll taxes  3.000
Subsidy PAYG system 8.626 | Corporate taxes 0.862
Interest payments 2.308 | Consumption taxes 10.000
Net fiscal deficit 0.865
Total 18.608 | Total 18.608
Table 6.2.6: PAYG Pension System
Expenditure Income
PAYG Pensions 23.626 | Households PAYG contr. 6.000
Firm PAYG contributions  9.000
Subsidy PAYG system 8.626
Total 23.626 | Total 23.626
Table 6.2.7: Current Account
Expenditure Income
Net foreign savings 5.688 | Trade balance -9.480
Foreign interest earnings 15.168
Total 5.688 | Total 5.688

"Beware: The shown output was not calibrated to a specific country.
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6.3 Exercises
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6.4 Further Potential Extensions

In this section we introduce potential extensions and give a swift idea of how

to model them. Thorough derivations are left as an exercise.

6.4.1 Earnings-Related Pension System

A possible extension concerning the pension system is to model the pension
payments as a function of past earnings in contrast to a flat payout that ev-
eryone receives. As we will show an earnings-link has important implications
already during the working life. In order to keep track of the earned pension
rights we have to introduce an additional stock variable, P?, which denotes
the yearly gross pension payout (as in chapter . The law of motion for
P¢ is given as

GP =GP [P+ mig]siwii67]. (6.4.1)

m¢ denotes the accumulation factor. It is age-dependent which allows to
model different systems, e.g. where only the last couple of years’ labor in-
comes matter in contrast to systems where the whole earnings history is
taken into account. The factor Gi* determines the indexing of the pension
rights. Gf " = 1 implies no real growth, and can therefore be interpreted as
inflation indexing. Gf’a = ( implies that pension rights grow at the same

rate as wage income. Household income is again given by

Yo = % [00(1 — VY o0 + (1 — 5g)bg] (6.4.2)

+(1—¢f) (1 - TtW’i’a) [gtapta + Pto} - Ttl’aa

where the only change compared to before is the total gross pension pay-
out. P? is an age-independent flat pension which is exogenously given. The
earnings related part is ¢/ P where ¢/ is simply a policy parameter. In the
calibration this parameter is set to 1 but it can be used to model discre-

tionary pension cuts or raises. The household problem can now be written

103



as

V(AL P = max (Yo (QF) + By GV, st (6.4.3)

(6.1.4), (6.4.2) and (6.4.4)
Qf =Cy =Wy, g =y [07¢" (£7) — (1 —07)hy"].

Define the change in remaining life utility at time ¢ to a marginal increase in
financial wealth and pension wealth as A = 9V,*/0A¢ and nf = oV,*/OPf.

The two optimality and the two envelope conditions are

G+ (@) =BG Repi Nper (6:4.5)
s QDT o™ (67) = A1 BGP T R A 607 (1 — 7w} (6.4.6)

+ %?+15Gp_1Gf’angillm?(ﬁgé?wteg
AP A\ = 'nyﬁG”_lRtH)\?jfll (6.4.7)
Pt =BG | GPmE + R N (1= 7)1 = 67)] - (6.4.8)
The conditions imply the same Euler equation (6.1.12]) as before. In contrast

- by dividing (6.4.6)) by (6.4.5)) - the labor supply condition now includes the
tax-benefit link implied by the pension system.

Pa _a+1
oGy M

peee® (£9) = (1 — 7V w0 4+ m? S w0y (6.4.9)
R N
This can be rewritten as
O (09) = (1 — 7" w02, (6.4.10)
with an effective tax rate of
W,a aGP‘a ;lJrl
Wa T Rt Z;’El
7, = ) (6.4.11)

1+ th

Clearly, the higher m{ the stronger the tax-benefit link, the lower the effective
tax rate, i.e. with a strong earnings-link the contributions to the pension

system are less perceived as taxes. Similarly, the participation decision is
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changed. The relevant cut-off for the participation rate df = F'*(hy) is

P,a _a+1
a Gt

Tt 00992 | fpe, — o2(09). (6.4.12)

t a+1
Ry )‘t+1

B = (1= 7w 70} — b +m

The participation tax then changes to

W, aPe it

th + 70" 0 (wilf0F) — my i /\5#1

sda _ e (6.4.13)
t 1+ TtC

Define the relative shadow price 7 = n /¢, which after dividing (6.4.8]) and
(6.4.7) can forward lookingly be expressed as

~q 7,4\ _a a GP,a ~a
= (=7 = 6f) + (6.4.14)
t+1
Treat 7 in the implementation just as another foresight variable. This exten-

sion is implemented in AuerbachKotlikoff earnings_link.

6.4.2 Progressive Income Tax Schedule

The idea of modeling progressive taxation was discussed in the intermezzo in
section .8 Let us briefly discuss the concrete implementation of progressive
wage income taxation in the Auerbach-Kotlikoff model with earnings-related
pensions. We assume that the income tax burden is given as 7,"""*(z) from
some income x. This implies the following effective average and marginal
burden rates (including social security contributions) for workers and retirees

with respective incomes w;02¢¢ and ¢*P? + P?:

Wi W,
T (wlpty - (1= vr"))
W,a W.,c
average rate worker: 7, = — + 7
TW’i’a ( apa 4 PO)
] . Pva _ t gt t t
average rate retiree: 7, " = — 5
P+ P

. ~W, W,i,al W,
marginal rate worker: 7% =T,""" (wtﬁfff (1 —vm C)) + e

. . ~P, i,al
marginal rate retiree: 7, * =T, (2P + P?)

105



This changes household income to

i = 0 [0 = 7wt + (1 - 57t (6.4.15)
+(1—¢8) (1 — 7P [P + PP] — 7, (6.4.16)
using the definitions from above. The first order conditions for participation

0y and consumption C7 are unaltered. However, the first order condition for
hours worked changes and implies an effective tax rate in (6.4.10)) of

W GP,a a+1
78 + 70 — m@ 2T
~W,a Reta At
7, 0% = = . (6.4.17)
1+7

This implies that becomes an implicit function of ¢¢ which has to
be solved numerically for every age group. For numerical reasons it might
be convenient to approximate the marginal tax rate function locally, i.e. for
the calibrated wage income of a specific representative householdﬁ A similar
increase of numerical complexity does not occur for the progressive taxation
of pensions as they are predetermined by the pension stock from last period,
i.e. P in the algorithm is known in ¢. The marginal tax rate for retirees

appears in the envelope condition for P and consequently in the updated
version of (6.4.14) as

P,a

~a ~I,aN _a a G ~q
= (1= A7)t (1= ) + Sy (6.4.18)
t+1

6.4.3 Finance-Constrained Households

Because of perfect foresight households’ consumption behavior will follow
the permanent income hypothesis, e.g. windfall gains are perfectly smoothed
over the whole remaining life-cycle or future income increases have similarly
strong effects on today’s consumption as on consumption in the period when
the income increase actually occurs. |Card et al.| (2007) shows that empir-
ical consumption behavior is somewhere between predictions of the perma-
nent income hypothesis and hand-to-mouth consumption. Hence, an impor-

tant ingredient to explain the empirical consumption behavior are finance-

81n case of a local point approximation the FOC naturally becomes explicitly solvable
again.
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constraints of households. An easy way of introducing this to the model
is to assume that a share of households is completely finance-constrained.
A simple approximative implementation is to assume that this share of
households simply consumes whatever their current per-period income is,
ie. Atc " =0, Va,t. The labor market decisions are unaltered compared to
the no-income-effect derivations from before. The aggregate consumption
effect is a mixture of the reaction of the unconstrained households and the
households whose consumption reaction is fully driven by changes in income.
The relative mass of those two household types {C, U} is then calibrated to

replicate the empirical consumption behavior.

6.4.4 Migration

An easy way to introduce migration to the model is to assume exogenous
migration shocks. A further simplifying but convenient assumption is that
immigration and emigration occurs vis-a-vis an identical country (even in
terms of policy shocks). This way one does not have to explicitly model the
migration shock in the household decision. The demographic structure is

simply

NY,1 = NBijy (6.4.19)
NI =y NE+ Might!, =0 v, (6.4.20)

where Mg is net immigration. As countries are identical arriving migrants in
age-group a bring the same assets A% and pensions claims P* as possessed by
domestic households. Concerning the pension claims the foreign government
is assumed to transfer the corresponding present value of already earned fu-
ture pension payments to the domestic government. The transfers of assets
and intergovernmental pension claims have to be taken into account in the
current account. Other than that net migration does not directly change
the household problems but only affects the relative weight of the different
representative households. Another important consequence of our assump-
tions is that foreign and domestic workers are indistinguishable and perfect

substitutes in the production process.

If one wants to relax this assumption one can explicitly distinguish between
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domestic and foreign workers, who then can enter production in a more
complex way (e.g. not perfectly substitutable) or have different labor market
characteristics (e.g. different productivity profiles). This however implies
that one has to keep track of two populations, i.e. households differ by age
and nationality, i.e. N;"" which doubles the number of household problems

to be solved.

6.4.5 Skill Choice

Very much like in the extension before one can partition the population, this
time in order to reflect different skill or education groups. For simplicity
assume that the skill decision occurs at the beginning of life and cannot be
altered afterwards. Assuming S different skill groups denote the skill index
as s € {1,2,...,S}, where 1 is the lowest and S is highest attainable skill

class. Hence, the demographic laws are

O,S S
NEEE = A5 NES, A =0, (6.4.22)

i.e. there are S x (A+1) representative household problems to be solved. The
decision of which skill level to choose at the beginning of life can be endo-
genized the following way. Assume that households have different (inverse)
learning ability v which is distributed according to c¢df I'(-). The assumption
is that the lower v the easier it is for a household to learn. Households com-
pare the indirect utility at the beginning of life V% to decide which skill to
choose. In addition there are disutility costs ¢*(v) related to obtaining a skill

level fulfilling the following assumptions

dct(v) 0t H(v)

R P 0 Vse{2,3,..5} and ¢*(0)=0 Vs, (6.4.23)

which implies that it becomes increasingly painful for low ability persons to
obtain a higher skill class. Skill choice behavior is determined by the cut-off

abilities v

‘/tO,s _ Cs(gf—l) _ ‘/;075—1 _ cs_l(yf_l) Vs € {2’ 37 S}’ (6424)
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i.e. whenever v < v5~! a household will choose a skill of least s. The mass of

newborns in every skill group is then given by

1-T () s=1,
NPT = NPx QD () =T () is€{2,3,.,.8 -1} (6429)
F(yt‘s) 5= 5.

The decision in the case of S = 3 is exemplarily illustrated in the following

figure. The households will depending on their ability v always choose a

Figure 6.4.1: The skill choice problem

VO3 _ 3(y) V02— 2(y) VOl —cl(y)

position on the upper envelope of the three intersecting lines. Households
with 0 < v < v? choose the highest skill level 3, and so on. The fact that
education also has economic costs reflected in the opportunity costs because
people have to enter the labor market at a later point can easily be imple-
mented by restricting labor supply exogenously during times of education.

Those costs are then already incorporated in the indirect utilities V%5,

6.4.6 Endogenous Retirement

In the Auerbach-Kotlikoff-model choosing endogenous retirement is another
discrete choice. Many countries offer options to retire early which is often
connected with a reduction in pension payments (while persons can increase
their pensions by postponing retirement). Similarly, to the education deci-

sion households compare indirect utilities of different options. Assume that
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households have a window of opportunity between ages a and a to choose
their retirement age. At every a < a < a households have to compare a — a
different indirect utilities which implies that @ — a hypothetical remaining
life-cycle household problems from a to A have to be solved in addition. Es-
pecially when one also wants to allow for a finer choice grid (e.g. choose the

month of retirement) the computational complexity increases considerably.

6.4.7 Multi-Country Models

A simple way to model a multi-country link is by assuming perfect goods
and capital market integration between a countable number of countries of
non-degenerate sizes (following Buiter] 1981). Hence, there is a single real
interest rate r applicable in all countries and all countries have an influence
on it. The rate is determined in a single asset market. Let us use a front
superscript /X for j € 1,...,J for J countries. The rate r is the clearing
price such that ijl iy = Oﬂ Although comparably slow a rather robust
way of solving this kind of multi-country model is to start with a single
guess of r and solving the small open economy versions of all the countries
sequentially. From the resulting excess demands one can compute an updated
guess for r (doing a static adjustment and leaving behavior constant) and so
on until convergence. For smaller models (e.g. everything considered in this
script) it should be no problem to solve the economies simultaneously. A
multi-country setting of the described form can be especially appropriate to
study reforms or shocks that occur in many countries at the same time. For
example, studying demographic change for a single country using the small
open economy assumption with a constant interest rate ignores the fact that
population aging is a synchronized trend that affects virtually all (developed)
economies and might therefore be grave enough to change the world interest

rate.

6.4.8 Income Effects

The Auerbach-Kotlikoff-model presented above differs from the original one
proposed in |Auerbach and Kotlikoff] (1987) in some aspects. One is that the

original version is based on an utility representation that gives rise to income

9The small open economy case is when jA/(Zj:O JA) — 0.
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effects. Adding income effects to the presented model is shortly explained
in this section. For this purpose we just use one labor supply margin (i.e.
only choice of hours, no participation or retirement decision). In contrast
to the models above the important difference is that households will react
to lump-sum gains or deductions (unrelated to the amount of labor they
provide) not only by changing their life-time consumption path but also by
adjusting their hours supply. The main difference is that the consumption-
leisure bundle () is not linearly separable anymore. Assume that the utility

function of a household of age a in recursive form is given as

V(AY) =max 1,(QF) + BG L Vi (6.4.26)
subject to
1-1/9 1-1/9] Y/ (A=1/9)
Qf = |(C7) " + ady (1) 7 (6.4.27)
GAYH =Ry [AY + 47 — paCY), §f =y + vl + abf, (6.4.28)
yt =621 — 7V w, 0202 + (1 — 62)bs — 7°. (6.4.29)

where o is again the intertemporal elasticity of substitution and the parame-
ter 1 denotes the elasticity of substitution between consumption and leisure
in the utility CES-aggregate. Recall that p = (¢ — 1)/0. [{ is leisure, i.e.
time endowment £} minus hours supply Efm The choice of [ has to be re-
stricted such that ¢§ > 0 or equivalently I < Ej'. For the moment we assume
that the inequality is never binding. Participation rate J; is assumed to be
exogenously given. Define the change in remaining life utility at time ¢ to a
marginal increase in financial wealth as Af = 0V,*/0A¢. The two optimality

and the envelope conditions are

Cr: (O™ =2 BGP Ry N (07) " - pey (6.4.30)

10 (177 =40 BGPT R AT (097 (1 — 7YY wf Ja (6.4.31)

Af N =100 BGP T R AT (6.4.32)
1/9—1/c

1-1/9

using ©f = [(C’f)l_l/ﬁ+a5f (l?)l_l/ﬂ] Observe that the ©-term
would vanish in case of ¢ = 1. Combining (6.4.30)) and (6.4.31) gives a

10For detrending the model appropriately with constant labor supply at balanced growth
one has to assume that time endowment grows with g as well.
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relationship of consumption to leisure
1= (0f/(pe,)) ™ - Cf, = (1 — 7 wby. (6.4.33)

This function captures the income effect of labor supply. A windfall gain in
assets or non-labor related per-period income will lead to higher wealth and
therefore to higher consumption levels, which by increases leisure
and discourages work. Use (6.4.33) to eliminate [} in ©f which is now

1/9-1/c

o = (CMHT LA, Agz[H(wg/pct)l—ﬁa%g] T (6.4.34)

Insert this in (6.4.30)) in combination with (6.4.32]) to get
(CHYVIN /pe, = A2 (6.4.35)

Using this expression and its time shifted version again in (6.4.32) gives us

the Euler equation

a+1l __ a yyue; A?ill 7 a
GCYY = [vpBRey————| - CF. (6.4.36)
peryr A

This expression looks very familiar. The important difference is that in case
of ¥ # o, A becomes a function of the effective wage w and so does the entire
Euler equation. To arrive at the consumption function follow the following

steps.

First, define £& = (w?/(pc;a)) ™7, such that (¢ = &2 - C2. This way we write

per period income as
Uy = gy —opwiel-CF, gy = opwi B+ (1—07)by +ivg + abf —Ttl’a. (6.4.37)

Define the following

5 GﬁaJrl R Gﬁa+1
oy =gf+—=4 H = —spapel - Cf + —1 (6.4.38)
Ry Ry

such that H} = ﬁ[f + I:[ta and repeat the proof from above slightly altered.
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First, rewrite the budget constraint (6.4.28]|) similar to the chapters before as

Al = paC = g + ofwiEl - CF

0 t+s
+ Y pe Oty — gt v oot o T G(R)™ (6.4.39)
s=1 u=t+1

Define ¢} = pey + 67wy . Collect terms to express welfare in terms of ¢ - C'.

Wi = A} + Hf,  where (6.4.40)
o] t+s
W =oiC+ ) eiens T 6™, (6.4.41)
s=1 u=t+1
B [e%s) t+s
H =g+ g 11 a@a)™ (6.4.42)
s=1 u=t+1

Insert the Euler equation ((6.4.36)) in (6.4.41)) to arrive at

Wi =6iCi0y = Op = (o) A+ I (6.4.43)
IY = (A /per)” ¢ + ('7?4_15)0 (Rt+1)ail Iyt (6.4.44)
0F = T7 (A /pe) ™7 (69)" (6.4.45)
. GH Y
Hp = i + —— (6.4.46)

Rt+1

Once C}' is known one can simply compute [{ and ¢7.
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