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1 Introduction

This note presents a medium sized New Keynesian model with the following

characteristics.

e Either small open economy with exchange rate peg or closed economy

e Finitely lived households (Blanchard, [1985) and constant population

size (with infinitely lived households as limiting case)
e Ricardian and rule-of-thumb household types
e CES production
e (Capital adjustment costs
e Variable capacity utilization
e Habit persistence in consumption and labor supply

e Government (various taxes and subsidies, government consumption,

government investment, seigniorage)
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e Monopolistic value added production with sticky price setting (Calvo

assumptions)
e Fixed costs of value added production
e Labor varieties giving rise to market power of the households

e Joint wage setting by unions for every labor variety subject to wage
stickiness (Calvo assumptions) following Erceg et al.| (2000) and Ratto
et al.| (2009)

e Competitive final good production
e Competitive capital good production
e Competitive labor packers

e Monetary authorities who peg the exchange rate against the rest of the
world (small open economy) or either choose money supply or nominal

interest rate via a Taylor rule (closed economy)
e Stationary technology and price level
e Optional multi-industry extension

This note introduces a medium-scale New Keynesian model similar to Eric
Sims’ lecture notes (‘A New Keynesian Model with Price Stickiness’ and ‘A
Medium-Scale New Keynesian DSGE Model’) and |Gali (2015)’s textbook.
However, aggregate uncertainty is ignored; agents are gifted with perfect
foresight (see e.g. Hall, [2009)), which does not require the usual approxima-
tion techniques needed for stochastic models and in addition allows us to

analyze permanent shocks.
Notational differences to ‘On fiscal multipliers in New Keynesian small
open economy models’ manuscript:

e II; includes (excludes) profit taxes in this document (in the paper)

e current account is 7B (C'A) in this document (in the paper)

e in multi-sector extension the domestic price level is P* (P) in this

document (in the paper)



2 Nominal versus real values

Domestic money M, is used as the unit of valuation, i.e. as the numeraire
which means that the price of one unit of money is 1. The price level of the
domestic final good is P, such that real balances are M;/P,. The nominal
interest rate is ;1 which means that 1 unit of money invested in the single
financial instrument in period ¢ is rewarded with (1 4 4,,1) units of money
in period t + 1. In contrast, just holding 1 unit of money in ¢ gives 1 unit
of money in ¢ + 1. The real interest factor is defined as Ry;11 = (1 +r4q) =
(1 4+ 4441) P/ Piy1, alternatively written as Ry = (14 4441)/(1 + mpq) with
the inflation rate defined as m, = P,/P,_1 — 1. Note that 71 & i;41 — 1

is only approximately true.

Observe the mapping between dynamic equations expressed in nominal and
real terms. Assume some security that promises a nominal payment of X;
at the beginning of every period. Then the discounted nominal value of said
security is

Vi=Xi+

(2.1)

To express this in real terms use V; =V, /P,. Divide 1} by P, to get

v — Xy Vi _ X Vig1 Py X Vier (1 + moi1) (2.2)
"B (I+ig)P P (I+igw)P B (1 +4e11) ‘
X,
v, =2t (2.3)

P R
In a perfect foresight setting the two ways are equivalent for the choice maker,
i.e. setting up optimization problems in real versus nominal terms gives the
same (real) results. The subtle difference in case of uncertainty is that 4,

is usually assumed to be known in ¢ while r;,; is not.

3 Labor packers

The continuum of households indexed | € [0, 1] supplies differentiated labor
input to a labor packer, who aggregate the individual inputs to a homoge-

neous labor input for production. The labor packer assembles labor subject



to the following CES aggregator

W

1 w_y a1
L; = { / (Lyy) ™ dl} (3.1)
0

with € > 1. Cost minimization gives demand for labor variety [ as

A 1 1/(1—®)
Ll,t - (W_t> Lt, Wlth Wt - |:/0 (M/l7t)1_6wdl:| (32)

It

as the wage index. The sum of individual labor supply is denoted L; which

18

w

1 1 €
W, .
L, = L;.dl ——/ (—) L.dl. 3.3
' /0 M o \ Wi ' (3:3)

Hence, the index of price dispersion drives a wedge between the sum of

individually supplied labor and the aggregate homogeneous labor input used

1 W e
- t
Ly =v"L, o’ = / (_) dl, 3.4
t t t t 0 m}t ( )

where v}’ > 1 is the index of wage dispersion. If the index is larger than 1

in production

then sticky wages lead to an output loss, as L,=1, /vy’ enters the production

function.

4 Households

We assume two types of households — Ricardian that can save, indexed U
for unconstrained, and rule-of-thumb that cannot save, indexed C for con-
strained. Of the total mass Ny = 1, V¢ of households an exogenous share m
are assumed to be unconstrained and 1 — 7 is the mass of constrained house-
holds. Households are finitely lived in the spirit of |[Blanchard (1985)) and face
a constant mortality rate 1 — v every period. Let N, denote the mass of
households (of both saving types) born at v at time ¢. With the assumption

of constant overall population the evolution of cohorts is described by

Nv,t+1 = ’va,h Vv <t, (41)
Neji41 = (1 - V)Nr (4-2)



Total population is the sum over all cohorts, i.e. N; = Zzzfoo N, + which is
partitioned in NV = 7N, and NF = (1 — m)N;. The case of infinitely lived
households is nested as v = 1. All households differ by the labor variety they
supply (index by 1) which are equally distributed over both saving types and

age cohorts.

4.1 Ricardian households

A Ricardian household born in period v and of labor type [ faces the following

problem
(CH) " =1 L)+ MY
Uiy = max ——o— — p! . f SO (5 )+ AU, (43)

subject to the following budget constraint where Agt denotes all financial

assets that earn after-tax nominal interest ",
’YA;J,tH =(1+ ZK/H) [Azl)],t + Wtwit - Ptccg,t - PtTtL - AM?} ) (4.4)

with AMY = MY — MY |, and after-tax prices 4", = i;41(1 — 7f%), W)V =
(1 —7")YW; and PE = (1 + 7F)PF, where PL is the before-tax price level
of the consumption basket. The optimization w.r.t. labor supply and money
demand is done collectively, i.e. delegated to a trade union and described in
the next section. The union distributes average money holdings and aver-
age wage income back to the household. This is why v and [ indices have
already been omitted in the problem set-up where possible. Ex-ante wage
risks which stem from the fact that not all wages are reset every period are
perfectly shared through said union. Therefore individual ex-ante labor in-
come (1 — V)WL, is replaced in the budget constraint by average labor
income (1 — 7/VYW, L, irrespective of [ (and v). This implies that also con-
sumption is independent of I, i.e. CJ;, = CF, ;, = C,. The same is true
for assets, which is why already in the problem set-up the labor variety in-
dices were omitted for C' and AY. The risk of uncertain life-expectancy is
insured by the usual Blanchard-type reverse life insurance. Note that while
labor income is the same for every cohort, asset holdings and consequently

consumption in principle differ by cohort, which is why v cannot be dropped

for AV and C.



A household receives interest income on per-period savings consisting of
the stock of financial assets plus nominal labor income minus outlays for
consumption, lump-sum taxeq!| and the change in money holding. Money

is the numeraire. Preferences are defined over CY, = CY, — xCY

w1 and

El,t = Ll’t—l{L[_/t_l, where x and x” measure the strength of habit persistence
in consumption and labor supply and the bars refer to average consumption
and labor supply.ﬂ o = 1/0% is the intertemporal elasticity of substitution
and 1/c% is the Frisch elasticity of labor supply. Households delegate their
wage setting and money demand decisions to a trade union as described in
the subsection section and therefore take wages and labor supply as given.

The envelope condition and the FOC for consumption are

Ag,t : )\v,t = 5/\v,t+1<1 + Z.K/Ll), (45)
CY s (CY) = BAuen (1 +4Y,)PE. (4.6)

Combining the envelope condition and the FOC for consumption gives the
usual Euler equation

—— . P . Y . - ~
(CY) " =B+l )5t (CY ) = CYyy = [BRYL]CY,, (4.7)

where R, = (1+ iﬁl)% is the effective real interest factor for the house-
hold after interest and consumption taxes and o = 1/0¢ is the intertemporal
elasticity of substitution. The steps for deriving the consumption function
are along the lines described in detail in [Schuster| (2018]) such that the op-

timal consumption choice of a Ricardian household born in period v can be

!The government sets lump-sum taxes measured in terms of the final output good, i.e.
outlays on lump-sum taxes (receipts of lump-sum transfers) are price indexed.

2This means that the households (and the trade union) do not take into account the
consequences of moving the consumption anchor and labor supply anchor for the next
period. Ex-post we have C_'f){t = CHt and Ly = L;.



summarized in the following block

Ccl, = (P) [AY, + Hyyp — AkCY,_ ] + 5CT, 4, (4.8)
Hyy=WWL — Pl — AMY +yHy o /(1 +3)Y), (4.9)
Ap = Af(PE) 77+ (1 +4t5,)7 A (4.10)
Q= A(PE)T T, (4.11)
Ay = PE+ ky/(L+ 4 ) Ay, (4.12)
Cl,=CY, —kCl,_,. (4.13)

Aggregation over v is described in section [J

4.2 Rule-of-thumb households

Rule-of-thumb households are assumed to share the same separable utility
functions in consumption and labor as the Ricardian households. However,
by the existence of financial frictions and/or myopic behavior they do not
save and simply consume their disposable income every period. This implies
that they do not hold assets and money. Consequently, consumption per
rule-of-thumb household does not depend on when the household was born

and we omit v. The consumption function is then simply given by

cf = [0 = Wik — Brf - Pirt€] JPC, (4.14)

where 7F¢ is a lump-sum tax (transfer) that is only applied to rule-of-thumb

households.

5 Trade union

5.1 Wage setting

Wage setting is carried out by a trade union that exerts the market power
given by the existence of differentiated demand for the labor varieties by the
labor packers. The downward sloping labor demand curves are taken
as given by the union when setting a wage for every labor variety [. Wage
setting is however limited as a result of wage stickiness of Calvo form. Every

period the wage can be reset only for a random share 1 — 6% of households.
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Note that the union sets the wage for all households (Ricardian and rule-of-
thumb) which means that wage rates can differ by [/ but not by savings-type
or time of birth v. Further, as the mass of type [ workers stays constant
as a dead worker of type [ is immediately replaced by a newborn of type [
and death does not trigger an extraordinary wage reset, the union’s problem
is independent of the survival probability v. The union faces the following
wage setting problem for each labor variety [

~ (-Zl,s)1+0L

max ‘/lz - I/Vl,tLl,sAs - ¢

Wi, 1+ oL + 0BV, (5-1)

starting from s = ¢, where in an abuse of notation L;; = Ls(W;,) refers to
the demand function in period s given the individual wage rate fixed
in period t. The union uses the marginal utility of average consumption
(Cy = 7CY 4 (1 — m)CC) over all households in their objective function

A= (1—=7")C)/PC. (5.2)

Consequently, L;; as well as W;; do not differ by savings-type. Note that
the while El,t # L4 in case of k% > 0 we have that

Oy, _ OLuy _ o Lt
OVVU aVVl,t VVlt.

)

(5.3)

3The weight in the objective function depends on the functional form of the utility
140077

function. For example, in case of RINCE-type preferences, e.g. [Ct — w% income

and disutility of labor are both weighted by the marginal utility of (total) consumption

therefore effectively implying that \; is independent of C;. Hence, in this case there would

be no income effects. An ad-hoc way to eliminate income effects in our specification is to
replace C; by the initial steady state value Cy in || for all ¢.



The first order condition is

St = )i - G e Em |+
(60 a1 = ) Loaa i) — A ooy £y w4
(609 [usa(1 = ) La0i) — 22 ey L)) +
(59w)3[...]+---:o. (5.4)

Inserting demands gives

ML= €W W Ly — oW W T Ly(—€) (L) +
5o” P‘H—l(l — ENWEWL " Loy — W W Lisa (=€) (Liagr)” | +
(803 | +- =0, (5.5)

Observe that f}l,t also depends on W;; but is taken as given for now. Multiply
by =Wy, /€ to get

(¥ — 1) /e Wi AW Ly — oW Li(Ly,)" + - = 0. (5.6)

Now pull out W;; and rearrange to get an implicit expression for the resetting

wage
. ev Al
i A—% (5.7)
AL = oW Ly(Liy)™ + 0" BAY,, (5.8)
A2 = \WE' L+ 6" BAZ, (5.9)
Ly = (Wy/W )" Ly — K*Ly_y. (5.10)

Observe that it the same for all households, i.e. W, = Wy, As will become
apparent later, note that in case of no wage stickiness we will have W, = W}*.
Assume further that the share of constrained households is zero, i.e. m = 1.
Then the first order condition collapses to

WtW e’ ~ L, x le} e?

pe ~ V)T ()T = MRS, (5.11)




i.e. the after-tax real wage, shortly written as w, = W /PF, is set the
671/
ew—1

that approaches 1 in the limiting case of perfect substitutability of labor

> 1

marginal rate of substitution times a constant mark-up factor, u* =

varieties, i.e. if €V — 0o. To measure the variable size of the wage markup in
our model we therefore define py’ = w;/M RS, which in case of wage stickiness

will in general differ from € /(e* — 1).

5.2 Money demand

Money demand is modeled as a collective decision of the unconstrained house-
holds via the union in order to preserve tractabilityﬁ Mimicing the individual
preferences the union optimizes the following objective function by choosing

optimal average money demand

MU
M= I/I\I/%X @ln( Ptt ) —i—ﬁ‘/;ﬁ\r/ll, s.t. (5.12)

AN =@+ [AM =AM, with AMT = M — MV . (5.13)

The shadow price is OVM/JAM = )\, which is set to the marginal utility of
average consumption of the unconstrained household, i.e. A\, = (CV)*" /PC.

The envelope condition and the FOC are

AM N = B (1 +4)Y), (5.14)
M O/ MY = B (L + i) + B A (1 +ifl,) = 0. (5.15)

The FOC for money holding can be combined with the envelope conditions

for period t and ¢t + 1 to get
O/MY =X+ BMp1 =0 = O/MV =X+ A\/1+i")=0 (516)

Where in the last step the envelope condition was inserted once more. Col-

lecting \; and inserting its definition gives average money demand per un-

4This part is somewhat ad-hoc but only needed to close the money market in case
the monetary authorities directly target money supply instead of the interest rate (Taylor
rule). Alternatively, one could not microfound money demand at all and simply impose a
downward sloping demand curve as often done in comparable models.
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constrained household

U W
My L+,
c W

By AS|

O/MY = Ni¥, /144l = o(CYy . (5.17)

6 Final goods

Production is carried out by a competitive final goods assembling firm subject

to the following CES production function

i = [ / 1<n,t>11dz’] - (6.1)

with € > 1. Cost minimization gives demand for variety ¢ as

P . 1/(1—e)
Y = (Pt ) Y;, with P, = {/ (Pz',t)l_edz} (6.2)
0

it

as the price index which is taken as given by the individual value added good

producer.

7 Capital goods

Value added goods production requires labor and capital. Capital is rented
from a competitive capital goods producer who builds up the economy wide
capital stock by investing (in terms of final goods). The optimization problem
is maximizing the nominal value of the capital goods firm w.r.t. investment
I; and capacity utilization o,

Ve = max ¢ + V5 /(W4 i), 1Y = PEK, =PI+ J) =T, (7.1)

t,0t

where K; = 0. K, subject to the law of motion for capital, capital adjustment

costs J; and net taxes T}/
Kiyn=(1—-0)K+ 1, 6 =00+ (0 — 1)+ 02/2(0r — 1)2- (7.2)

J(1, K)—le(It 5>2 7.3
v = Ui~ ) (7.3)

11



I; Iy 2

T = 7" | PR, — PlogK| — subf P, — subl P I, (7.4)

The envelope and the optimality conditions are

I g1 = (1 + i) PH — subl 4 Jp) (7.5)
qi+1 rof

cPE = 6+ 0s(0 — 1)] /(1 — 7P 7.6

Y’ t (1 + it—i—l) [ 1+ 2(0t )] /( Ty ) ( )

Keioao= (=" P = Pl + Ploor™™ + S (0= 8). (17)

Hayashi (1982)’s theorem implies ¢:K; = V. — V;E, where V7 is the dis-

counted sum of all firm rents, in our case simply

R L Vit
V't = Psuby + ————. 7.8
t tsut+1+z't+1 (7.8)
Combining this with the law of motion and the optimality condition for I;

gives the usual investment function

V& -V
(14 dy1)PL(1 — subl + Jp,)

I = (1 - 8K, (7.9)

This results in a quadratic equation in I; of the following form

[/ K] I7 + [1 = subf — do + (1 = 8)] I,
+ (1= 6) Ky (1 — sub; — ) — [Vfﬂ - VtiJ / [Ptl<1 + it—l—l)} =0. (7.10)

The section closes with a proof of Hayashi| (1982)’s theorem

Proof. Take the envelope condition for capital (7.7]), multiply both sides by

12



K; and expand the right hand side by 131:2“11}

0K = (1 — 7"\ PKo, K, — PlJw, K + PP 60K,

qt+1 qi+1
—— L+ — (1=K + L], 7.11
D e (0= K 1 (7.10)

q ke = (1= 7" PEK, — Pl i Ko + Pl S0,

~ PI(1— subl + Jp)I + —2HL g (7.12)
L+
q Ky = Hf - PtSUth + qt—Jr.th_H- (7.13)
L+

From the first to the second equation we used the law of motion ([7.2)) and the
optimality condition for investment ((7.5]). From the second to the last equa-
tion we used Euler’s theorem and the linear homogeneity of the adjustment

cost function and the definition of per-period profits II¢. Solving forward
yields [Hayashi| (1982)’s result

s

ok, =Y 1 ]
s=t

u=t+1

L _ R
1+Zu—zpsub H 1+lu_ -V (7.14)

u=t+1

8 Value added goods

There is a fixed number of value added goods producersﬂ with mass 1. Value
added goods are produced as varieties in monopolistic competition. Producer
i € [0, 1] uses the following CES-technology

1/p
Yig = @ |l 7KL, + (1= a)' 2L, (8.1)

where @, is total factor productivity which depends on the public capital
stock, i.e. &, = ®(KF), and o = 1/(1 — p) is the elasticity of substitution

5In comparable models this type of producers is typically referred to as ‘intermediate
goods producers’. To avoid confusions in case of the optional multi-industry extension (see
appendix) where goods in their final form (section @ can either be used for final demand
or as inputs in other industries we refer to the producers in this section rather as ‘value
added producers’.
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between capital and laborﬁ Homogeneous labor and effective capital (in-
cluding capacity utilization) are rented at the competitive after-tax nominal
rates W = (14+7/)W; and P = (14+7/)PX. Firms further face fixed costs
(F'C}) in terms of the final good, which are assumed to be small enough to
guarantee non-negative profits, which are taxed at rate 777/, All costs are
deductible which implies that the profit tax does not distort factor input nor
price setting of the variety producersﬂ However, fixed costs will influence the
amount of ‘pure’ profits that are taxed relative to the capital goods firm for
which profit taxes are distortive. Per-period profits of producer ¢ are given

as
M, = (1 — 77" [Pi,tyi,t ~PFR,, —~WFL, - Ptht} . (82)

Cost minimization for given prices and output Y;,; is written as

- - - .~ 11/p
_min WtFLi,t"‘PtFKi,t st Y=y [alipKipt +(1— O‘)lipLipt] . (83)
K¢, Lt ’ '

Combining the first order conditions gives the typical result

wk o’ 1—ak;
[—;1 = . (8.4)
B a Ly
First, note that given the static nature of the optimal input choice minimizing
nominal or real costs gives the same result. Second, optimal capital-labor
ratio is the same for all firms, even if Y;, and therefore f(i,t and I:Lt differ.

The solution for input demands is

MC,
WtF

)

P P
. MCy]° ; 7
Kit =« |:P—Ft:| CDgP_l . K,h Li,t = (1 - O{) |: :| (ID?P_l . Y;,h (85)
t

with nominal marginal costs for one additional unit of Y;, oﬁ

MC = [P + 1=y e s0)

5The limiting case o = 1 gives the Cobb-Douglas production function Y;, =

@tkg‘tﬁ};“, where in calibration ® absorbs the additional a=*(1 — a)*~! term.
"Section [11| discusses overall profit taxation in more detail.
8In the limiting case 0¥ = 1 (Cobb-Douglas) marginal costs are given by MC; =

() () o

14



Note that the marginal costs are the same for all firms (we therefore drop 7).
In the Calvo pricing setting only a random fraction (1 — ) can reset their
prices in a given period t. Hence, the problem of choosing the optimal price
becomes dynamic as firms have to take expectations about the future when
setting the price today, given that they are on average stuck with the choice
for 1/(1 — ) periods. The firm discounts its nominal profits from ¢ + 1 to ¢
with the nominal interest factor (1 + 4,41)f] Then an updating (V) and a
non-updating (V™?) firm’s discounted nominal profits (ignoring fixed costs

which will not be part of the FOCs anyway) are given as

VAT (Biy) + (1= 0V

VP = 1— 7" (P, - MC)Y, 8.7

t I%?f( ) (Pia 1) Yie + 1+ s (8.7)
OVIE(P 1-0)VF

VNP(P) = (1 — 1) (P — M) Y, 4+ () +( Vi . (88)

14240

Note that future optimizations do not affect the current price choice. Like-
wise, an updating firm sets its price irrespective of the price of the previous
period. Hence, what happens in case of (1 — @) can be ignored and the

problem is reduced to

V
maXVs:(1—Tfrof)(f)i,t—MCs)Y;7s+e =

T 8.9
Pt 1+ i8+1 ( )

starting with s = ¢. Note that while all s-indexed variables change with time
P, ; stays that same as in the first period ¢. Further, note the difference in
where the max-operator appears. Now insert the demand functions (6.2)) to

get

P €
maxV, = (1 — 77" (P, — MC,) <Ps ) Y, £ 0Vt /(1 £issn). (8.10)

Py it
The first order condition (using Ajr1 = 1+ iz41) is
[(1 — E)Pijf + MC’tEPZ-;f*l} Y, Pf+

9//\15+1 [(]. - 6)‘Pi;5€ + MCt_FlE.PZ-;eil} Y2+1Pt€+1+ (811)
0%/ (Ner1Aes2) [(1 = )P + MCrioe Py Yo Py + - = 0.

9Recall that setting this problem up as discounting real profits by the real interest
factor gives the same results.
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Note that the profit tax drops out and does not affect the price setting

decision. Divide by ePl-T;_1 and pull out Pi,t% out of the infinite sum to get

e—1
Pi,tT [YiPf+ 0/ Nya Yot Pepy 4+ 07/ (Aga o) Yio Py -] =

[MCtY}Pf + 0/ N1t MCy1 Yo Pl + 92/(/\t+1/\t+2)MCt+2Y2+2Ptlg . }

Hence, the optimal resetting price in period ¢ is

e @
P = —L 8.12
Le— 197 (8.12)
®} = MCY,Pf + 09, /(14 iss1) (8.13)
OF = VP + 007, 1 /(1 + ir4a) (8.14)

Note that it is the same for all firms, we therefore drop the index i. Define

Wy = e—%% /MCy as the markup of the resetting price such that P = pu; M Cy.
t

Observe that if § = 0 the solution collapses to P} = —= M}, i.e. the markup

is constant py = p* = .

9 Aggregation

Nominal dividends of the value added goods firms distributed to the house-

holds are
1 A ~
I, = (1— 777f) / (PMY;,t — WL, — PXEK,, — PtFCt) di. 9.1)
0

This can be rewritten using f/t = fol [A/ivtdi and Kt = fol IA(Ltdi as

1T

1 ef

1
/ (Pi,t}/;,t) di — WtFLt - PtFKt - PtFCt. (92)
0

Inserting demand for Y;; = (P, :/P;)~°Y; gives

11 ! X .
e =YD / (P ) di — WFL, — PFK; — PFC,. (9.3)
1—77 0 ’
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Use the definition of the price index 1) and divide by P!~ = f01<]3i,t)1_6di
to get
M, = (1 — 7 [Ytpt ~WFL, - Pff(t] , (9.4)

with Yt =Y, — F(C; and define the total firm values of all value added goods

producers as
I
Vi
T+

Equating the individual demands for variety ¢« with the corresponding pro-

Vi=T1I, + (9.5)

duction functions gives

A ~ 11/p
Yie = (P/P) ™Yy = @ [0 R, + (1= a)' L5, | . (96)

Integrate over all firms to get

1 1 1 R q1/p
/ Yiidi = Y, / (Poy/P)~<di = / o, [Ozl*pKﬁt +(1- a)lprgt] di.
0 0 0
(9.7)
. . . N ~ 1/p .
Now, rewrite the right hand side as ®; [al_p(Ki,t/Lm)” +(1- oz)l_”] Ly
by exploiting linear homogeneity and recall that optimality requires all capital-

labor ratios to be equal.

1 1
/ Yidi = Y;f/ (Pii/P) di =
0 0

A~ A 1/p 1,

(I)t |:0417P(Kt/Lt)p + (1 - Oé)lip] / Ll7td7f (98)

0

Hence,
~ ~ 11/p
D, [Ozl*pKf + (1 - a)I*po] 1

}/t = s with Vs = / (_Pi’t/Pt)_edll (99)

Uy 0

vy > 1 is the index of price dispersion (‘Tack Yun’-distortion, see |[Yunl, |1996).

If the index is larger than 1 sticky prices lead to an output loss.

Note that the definition of the current price level P, still depends on all

individual prices

1
= [ pia (9.10)
0
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The Calvo assumptions allow us to aggregate out the heterogeneity by pro-
ceeding as follows. A fraction 1 — @ of firms resets their current price to Py,

while a share 6 still charges the same price as last period, hence

1-6 1 1
o= [ [ P = aeoenter [ Psdi 0
0 1-0 1-0

As firms are randomly chosen and because of the law of large numbers the

last term can be rewritten as
1
-Ptl_e — (1 _ 0)<Pt*)1_5 —+ 0/ P;t__eldl, (912)
0

Inserting the definition of the price index of t — 1 yields the aggregate law of

motion for the price level
Pl =1-0)(P) " +0(P_ ) (9.13)

We proceed analogously to rid the price dispersion index v; of heterogeneity.
In addition, expand the last term by (P,_1/P,_1)"¢

1 —€ —€ —€ 1 —€
P\ P:) (PH) / (P“_l) _
v = d di=(1-0) = +0 d di.
t /0 <Pt) ( )(B P, o \ Py
(9.14)

The last term is the definition of v;_; such that the evolution of price disper-

sion follows the following law
V¢ = (1 _9)(Pt*/Pt)_E+9(]Dt—l/Pt)_Evt—l' (915)

With the aggregate price level defined we can compute the average markup

of the production price index as p; = P,/MC.

Similarly, the definition of the current wage level W; still depends on all

individual wages

1
Wi = / W<, (9.16)
0

We proceed exactly like before. The Calvo assumptions allow us to aggregate
out the heterogeneity by proceeding as follows. A fraction 1—6* of households

reset their current wage to W while a share 6" still charges the same price
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as last period, hence
1—6v 1
th_e - / (Wt*)l_e dl+/ I/Vl}t_—el di
0 1—6w
1
— @ [ Wi (9.17)
1—6w

As households are randomly chosen and because of the law of large numbers

the last term can be rewritten as
1
Wl = (1 —0") (W) + ew/ Wi dl, (9.18)
0

Inserting the definition of the wage index of t — 1 yields the aggregate law of

motion for the price level
W =1 =) (WH" + 0 (W) (9.19)

We proceed analogously to rid the wage dispersion index vy’ of heterogeneity.
In addition, expand the last term by (W;_1/W;_1)~¢"

1 —e¥
Wu)
vl = — dl
! /0 ( Wi

W Wi\ (W)
— (1 -9V t) +0w( ”) / ( ) ) dl.  (9.20
( >(Wt ) (e (9.20)

The last term is the definition of v;” ; such that the evolution of price disper-

sion follows the following law
v = (1= 0") (W /W)™ + 0 (Wamy /W)™ 0y (9.21)

We next show that the sum over all individual labor incomes is indeed equal
to the average wage income distributed by the union to the households times
the number of households 1. We start by integrating over all individual labor

incomes

1
/ Wi Ly dl. (9.22)
0
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Inserting the individual labor demand curves (3.2)) gives
1 o
/ WiiLidl = WE' Ly / Wl (9.23)
0 0
Now, use (9.16) to arrive at

1
/ Wi Lydl = W LW, (9.24)
0

hence,

1
/ M/LtLlﬂjdl == Wtj/t- (925)
0

Given the mass 1 assumption of households, W, L, is the aggregate wage sum

as well as the average wage income by household.

Next, we have to aggregate the system characterizing consumption over all
cohorts of unconstrained households. Define for some variable X the average
over all cohorts as X; = [30__ . X, ,NY,| /N, with N = 7. Then using

the usual aggregation steps for the |Blanchard| (1985)-type models we can

express the block characterizing average consumption behavior as

cl = (P! [AtU + H, — Am'yC’tU_J + kyCY 4, (9.26)
ALy = (L4l [A7 + WL - PECY = P = aMY|, (927)
H = WYL, — Pl — AMY +yHypy /(1 437), (9.28)
Ar= AP+ B7(1+44) " A (9:29)
Q, = A(PE)T 1, (9.30)
A; = PE 4+ ky/(L+ 417 ) Ay, (9.31)
CYV =Y — kyal .. (9.32)

Last, aggregate consumption, aggregate assets and aggregate money demand

are given as

C,=7CY + (1 —m)C°, A, =nAY, M,=7nMY, (9.33)
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while the law of motion of aggregate assets is
A = 1+ |4+ WPV E, — PCC, — TF — AMt] . (9.34)

To describe the aggregate consumption profile explicitly aggregate the indi-
vidual Euler equation of the unconstrained households (4.7) to arrive at

~ 1— ol _ o ~
Ctlil + T(Qtﬂptgl) ! [Agrl - AtH“’YCtU] = [5]%}?—/#1} CtU' (9.35)

Multiply by 7, expand the tilde-terms and insert 7CY = C; — (1 — m)Y,¢
where Y¢ is disposable income of the unconstrained households equal to C'

to get the law of motion for aggregate consumption

Cryr = ywCy — (1= 7) [V, —yRY ] +
1 —
%(Qt+lpt€r1)_l [Ari1 = Appary(Cr = (1= m)Y)] =

[BR]Y,]” [Cr — ykCiy — (1 —m) [V —ywY, S]] (9.36)

Observe how this extended aggregate Euler equation collapses to the simple

familiar form for the special case k =0 and v =71 =1,

Ot+1 = [SRK,’/_J 7 Ot. (937)

10 Final demands and foreign trade

Demand for final goods can stem from different sources: private consump-
tion, private investment, public consumption, public investment and foreign
sources (in case the economy is open). The (before-tax) price of the domes-
tic final good is P and P™ for the imported final good which are imperfect
substitutes. We assume the same class of sub-utility /production functions of
CES-form but allow for different parameterization depending on the source
of demand. In particular we can set different import shares and different
elasticities for substitution between the domestic and imported final good.
We assume the same sub-utility parameters independent of savings or labor

variety type such that when using linear homogeneous CES-aggregators we
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can directly split aggregate demand for the composite consumption good C m
Sub-utility for consumption is assumed to be of the following CES-form

1/e¢

o= [ o - e ] oy

C™ and C" are imported and domestically produced quantities. Next, we
compute compensated unit demands ¢™ and ¢" and the unit expenditure
function by solving

P = min {POmc™ + POy st O™ M) =1, (10.2)
where P9 = (14+79)P™ and PY" = (14+7Y) P. As solution we get the usual

unit expenditure function PCE and unit demand functions for the CES-form

po_ [50 (Pc,m)l—AC +(1-¢9 (Pc’h)l_Ac} B , (10.3)

¢ = €€ [PO/pem] | b = (1 - €C) [PC/ PO (10.4)

where A = 1/(1 — £“)[? The solution of splitting composite consumption
is then simply C* = ¢* - C and C™ = ¢™ - C. For the other demands
(CY, 1% 1) we proceed analogously just using different superscripts. Note
that we abstract from taxation of the other final good uses, such that P/" =
P and P#™ = P™ for j € {C%, 19, [} With a fixed exchange rate and a
constant foreign price P™ export demand, i.e. foreign demand for domestic

goods, is assumed of the simple form'/]

E=Ey(P)", (10.5)

10We drop the time index unless required for understanding in this section for conve-
nience because of the static nature of the problems.

T As the same tax rate applies to domestic as well as imported consumption goods, the
before tax price index is given as P¢ = P/(1 + 7).

12In the limiting case of a Cobb-Douglas specification, i.e. A\ = 1, the price index is
given as PC = (PC:m)s (pC:h)1=¢7

3By assuming the same quasi-preferences for investment and capital adjustment we
pull them together and define I" = i"(I + J), etc.

14When using many different calibrations leading to different amounts of exports it may
be convenient to convert the iso-elastic form into a semi-elastic specification that converts
a relative price change into a drop in the export to (calibrated) GDP share in percentage
points instead of a relative change in F.
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where 9 measures the responsiveness of export demand to relative changes
in the domestic price, i.e. the terms of trade. The trade balancd™ measured

in domestic currency is
TB, = B,E, — P" [C;" + OO I If*m] , (10.6)
which dictates the accumulation of foreign assets
Df.y = (1+iw1) [Df +TB] . (10.7)

The outlined specification nests the closed economy case by setting Fy = 0

and & =0 for j € {C,C% 1,19} such that TB, = DF, = 0 for all ¢.

Let VA, = Ptfft be gross value added. We can then write nominal gross do-

mestic product by the production, the expenditure and the income approach:

GDP, = VA +TF, (10.8)
GDP, = PCC, + P°°CS + P11, + J,) + PI°IC + TB,, (10.9)
GDP, = WF'L, + PP K, + 11, /(1 — 77"1). (10.10)

Changes in real GDP are computed by replacing current prices in ((10.9)) by

their initial calibration values.

11 Government

The government faces an intertemporal budget constraint of the following

form™|

D= (1+ip41) [Df’ — PBy|, PB;= Rev, — Exp,, (11.1)

5Without the need to differentiate between goods and services the terms ‘current ac-
count’ and ‘trade balance’ are used synonymously.
16Tn some case it may make sense to additionally define government debt in real terms,

ie. DE = D p, oy DO = (14 7yy) [Df“‘” — PB, /Pt} .
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in equilibrium. Expenditure Fxp; is given by public consumption and in-

vestment and transfered subsidies
Exp, = PC°CC + P/°IC + subl P, + subl P! I,. (11.2)

Revenue comes from profit taxation, consumption taxes, lump-sum taxes,

wage taxes, pay-roll taxes, capital usage taxes, interest taxes and seignioarage.
Rev, = T/" + TP + TF + TV + TF + TF + AM,, (11.3)

where T = Tf%& and per-period saving is S; = A,+W L,—PCC,—T}.

Note that the budget constraint A;4; = (1 + i}},)S; can be rewritten as

A1 = (1 +idu) [Sy — TF]. Aggregate profit tax revenue is given as

T;prof _ 7_tprof [-PtKKt . Ptl(soKt] + TfrOf |:Y;5Pt _ WtFIA/t — PtFKt:|

— 7" [PY: = PlooK, — FPEE, - (17D WIL] . (1)

Other revenue components are defined as follows

17 =77 PFCy, (11.5)
T} = P, [t} + (1 — m)7C], (11.6)
jjtw = (TtF -+ TtW)Wtj—/t, (117)
TK = 71X PFK,. (11.8)
The public capital stock evolves according to

K&, =(1-6)KF +1F, (11.9)

and influences total factor productivity in the following form
O(K) = Ao+ (KF)™" (11.10)

12 Monetary authorities

Depending on the assumption concerning the openness of the economy we

distinguish two cases: small open economy with exchange rate peg and a
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closed economy setting with two policy options. Based on the case the mon-

etary authorities carries out different policies.

12.1 Case 1: Exchange rate peg

In the case of a small open economy we assume that the monetary authorities
peg the exchange rate against the (homogeneous) rest of the world. The
domestic nominal (risk-unadjusted) interest rate ¢ is pinned down by the

uncovered interest rate parity
(1+ds1) = L+ i) E1 /&, (12.1)

where £ is the nominal exchange rate and ¢* the foreign nominal interest rate.
Hence, in the case of an exchange rate peg we have itﬂ = iy,,. The actual
domestic nominal risk-adjusted interest rate i is subject to a risk-premium
modeled as being (symmetrically) dependent on the foreign asset positionm
(see e.g. Schmitt-Grohé and Uribe, |2003))

i1 =1, xexp (—p' [D] /VA, — D JV Ag]), (12.2)

where the O-subscript indicates calibration values such that in calibration
i = i*. p' measures the sensitivity of the risk-premium to changes in the
foreign asset position. In general the foreign interest is taken as constant,

ie. i;,, =" for all t.

12.2 Case 2a: Monetary authority chooses money sup-
ply

If the economy is assumed to be closed the monetary authorities follow one of
two options. In the first option we let the monetary authority directly choose
nominal money supply which in combination with money demand pins
down the price level, i.e. M? is set to a value and inserted in .

M, = M?. (12.3)

17Foreign asset positions are measured in relation to gross value added instead of GDP
because of numerical convenience, which could easily be altered.
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12.3 Case 2b: Monetary authority chooses nominal in-

terest rate (Taylor rule)

In the second option we let the monetary authority set the interest rate
which implicitly pins down the price level. The monetary authority uses the

following Taylor rule

where ¢;, is a discretionary shock which is 0 in the long run. F, is the
targeted price level (exogenously chosen, e.g. by normalizing Py = 1) which
prevails in the (deterministic) steady state. ¢p measures the reaction to
a change in prices versus the previous period (recall that =, = P,/P,_1 —
1). The higher ¢p the stronger the monetary authority will ‘lean against’
expansionary fiscal policy. The last term in the bracket is added for the
sole purpose of anchoring the price level in steady state. We must have
0> p; < 1and ¢% > 0 (though it can be very small) otherwise the price
level is undetermined. Money demand is not an equilibrium condition
anymore but can be used to back out the implied money supply for the chosen

nominal interest rate.

13 Steady State

Most of the steady state equations are trivial to derive: we simply have

to drop the time index of the static relationships. We therefore report the

26



steady state relationships only of the dynamic equations.

CY = [AY+ H] (P) '/ [1 — ky+ (QP) '], (13.1)
AV = [PECY 4+ Pri—WWL| (14" /i, (13.2)
A= |PCC+TE - Wwi] (1+4%)/i%, (13.3)
H= [WwWi - PTL] 1+ +1— ), (13.4)
A =PI+ +1—ry), (13.5)
A= [AP)T]/[1=p7(1+4") ], (13.6)
CV =1 —ry)CY, C°%=(1-ry)CC, (13.7)
VE = Psub®(1+4)/i, V¢ =01%1+1i)/i, VI=T1(1+1i)/i, (13.8)
DF = —TB(1+14)/i, DG = PB(1+1i)/i, (13.9)
K=1/5 K%=1°. (13.10)

Optimal investment behavior of the capital goods firm is described in steady

state by
q= (14+4)P'(1—sub’ + Jp) (13.11)
projpt - LSt ) = B (13.13)

Normalizing o = 1 and J = J; = Jg = 0 in steady state therefore implies
that we set d; = i + &g [1 — 777/ /(1 — sub’)]. Further, dy = 6" and §?
is used to gauge the sensitivity of capacity utilization. Hence, if d5 — oo we
are back in the case of constant depreciation and constant capacity utiliza-
tion. Equating and pins down o in steady state. As long as
the steady state nominal interest rate, profit tax and investment subsidy are

equal to their calibration values we have that o = 1 in steady state.ﬁ

8Note that if in steady state any of those changed, we would have o # 1 which means
that our normalization of capital adjustment costs to 0 in steady state does no longer hold,
i.e. J:J]:JK#O.
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The steady state version of the law of motion of the price level (9.13)) is
(1—-0)P"¢=(1-0)(P*)" ¢, hence = P*=P. (13.14)

Combining this result with the steady state version of the law of motion of
the price dispersion index (9.15)) reveals that v = 1@ The steady state values

of ®! and ®? are
O = MCYP/(1-0/(1+14)), ®*=YP/(1-0/(1+1)). (13.15)

Therefore the price is
€

e—1
We proceed similarly for the wage level. The steady state version of (9.19))
implies W = W*. In combination with (9.21)) this implies v* = 1 and
therefore L = (1 — %)L = (1 — /@L)I: The steady state values of A and

A2 are

P=P=

MC. (13.16)

A =W L(L)" /(1 - 6vB) (13.17)
A2 = XW<L/(1—6"p). (13.18)
Hence,
e w7 wv e
WeW= s s e = MRS, (13.19)

where M RS is the average marginal rate of substitution as used by the trade

union.

19Note that this is only true in case of assuming a stationary price level. If we assumed
a stationary positive inflation everything would have to be expressed in terms of price
changes and we’ll have v > 1 in steady state, i.e. a long-run output loss from price
stickiness.

20 Again, this is only true in absence of positive trend wage inflation.
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14 Walras’ Law

Define the following excess demands

=Cchyrh4Cf I8+ B Y, (14.1)
(= VI + Ve + D+ DF - A, (14.2)
¢ = LY - L7, (14.3)
¢ = K - K7, (14.4)
(¢ = Rev, — Exp, — PB,, (14.5)
M= M, — M. (14.6)

We omitted the continuum of excess demands for the varieties of value added
goods as they are zero by construction of the model. Y =Y — FC is net
final goods after deduction of fixed costs. We added superscripts D and S to
homogeneous labor L and effective capital K to indicate demand and supply,
while in an abuse of notation they were omitted so far in the description.

Start with the aggregated budget constraint of the households
S A WVES - POC - TE - Mok M - TR, (147)

and eliminate A using (14.2) and money demand M using (14.6)) to get

Vi + Vi + Doy + D — G
L+ 44

=V +VC+D¢+Df — ¢+ WVL]

—PEC, =T = M = M7+ My = T
(14.8)

Now insert the definitions of V! and V¢ as well as ((14.2)) to get

—(iy + DEL + Df
I+

= PY, — WI'LP — PFKP — TP + P,sub® + sub! P I,

+ PEKS — PII, + J,)+ DS + DF — ¢+ WV LS
~PEC,—TF - M - M+ M, —TE. (14.9)
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Next, collect all revenue items and replace them by Rev, = (¢ + PC°CS +
PI°IC + P,subl + sub! P/ I, + PB, to get

—(f4, + DEL + D
T+

= PY, - W,LP — PXKP + PFK? — P/ (I, + J,) + DY
+Df = ¢ +Wili - PEC, = ¢
— (¢ - PCYCS — PIIC — PB,. (14.10)

Now, split all final demands, i.e. PI([; + J;) = P, I+ P™I™, etc., expand by
P,E; and insert (14.1)) to get

—(iy, + DEL + D

. = P = WiLP - PRKP + PR — P'I™ + DY
T+

+Df =G + WL = BrCl = ¢
— (¢ — PO — P — PBy+ BE;. (14.11)

Insert ([10.6), (10.7), (14.3]), (14.4) and the law of motion for government
debt (11.1)) and rearrange to get Walras’ Law

A
PG+ Wik + PR+ ¢+ ¢+ M - S, (14.12)
L+ 44
In steady state the condition reads
PCY 4 Wb 4 PECE 4 ¢G4 M | 1%,& —0. (14.13)
i
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A A multi-sector version of the model

This section just briefly sketches the required changes needed to extend the
model described above to a multi-sector setting that can then be calibrated to
the corresponding national input-output tables.@ The economy is comprised
of n discrete sectors or industries. In each industry value added is produced
by a mass 1 of monopolistically competitive variety producers each producing
Yy with k € {1,2,...,n} and 7 € [0,1]. In the first stage of final goods pro-
duction the value added good varieties within an industry are competitively
assembled to Y} at price P;. Capital is accumulated industry-specifically (i.e.
there are n capital good firms) while labor is assumed to be mobile between
sectors such that there is a unique wage rate W. Fixed costs of the variety
producers are expressed in terms of the industry specific composite value
added good at price P,. Aggregating over varieties works as before leading

to n aggregate laws of motion for prices P as result of the Calvo assumption.

The second stage of final good assembly is where the input-output structure
comes into play. To assemble final good F} the composite value added good
ffk = Y, — FC} is required as well as final goods from other industries.
Demand for the other final goods is labeled M; , i.e. the demand for final
good from sector 7 to be used as intermediate in sector k. The sectoral

production function is given as

My, M M. Y
Fk:min{ lk, 2k,..., k,—k}. (A.1)
air Qo Qnk  Qok

a;, denote the fixed input-output coefficients. The coefficients form the fa-
miliar matrix A = [a;;] where k is the column index and j is the row in-
dex. Producing one unit of good k therefore requires a; of good 1, ag of
good 2, agi of good k itself, etc. and ag of the sector-specific value-added
good. The producer price of Fj is P{'. Each intermediate good Mj; can be
sourced domestically or from abroad (assuming imperfect substitutability).
The buyer’s price of the input Mjy, is Pj]‘,f which is a price index composed of

Pj]\]f’h and Pj\,fm Effective intermediate prices are ij\gh = PM1+ T%’h) and

2The multi-industry set-up closely follows Keuschnigg and Kohler| (1994). All time
indicies are dropped in this section for easier readability.
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ij\gm =P (1+ T%’m). The input price indices are given as

PY = min {ij\ghm;‘k +Pj\gmm;}€ s.t. My, (m?k,m;’}c) > 1}, (A.2)

J h m
MMy

where M, is again assumed to be a CES aggregator with share parameter
&M and substitution elasticity AM. Splitting the input coefficients results
h h

in aj; = mj;a; and af; = mjia;. Note that while input-output coefficients

aj; are constant the split between domestic and imports is price sensitive.
The input-output matrix of domestic production is therefore A" = [a?k}.
As also the second stage of final goods assembling is done competitively the
zero profit condition implies the following relationship between final goods
producer price P!, value added composite good price P}, and intermediate
good prices P

> apP) + ag P — P =0. (A.3)
J

Final demands aggregation is extended by one additional stage, such that
C = CES¢(Cy, . ..,C,) and Cy, = CES¢, (C},C), Vk € {1,2,...,n}, etc.,
where CESx is the according CES aggregator for some variable X. There is a
simple iso-elastic downward-sloping export demand curve for every industry,
i.e. B, = Eou(P) ™[ The total trade balance is simply the sum of the
trade balances in each sector TB =), T'By,

TBy, = PlE,— PP (CR + I+ O™ + I7™) = > (PPMy) . (AA4)

J
J

The value of total output is 3, P}Fy, gross value added is VA = 3, Yy

and both are related as follows:

ZPI?F’f :Zpk?k‘i’ lej\gthk + ijf\;fm i
k k

J.k 4.k

value of total output value added  value of dom. intermediates  value of imp. intermediates

The following alterations to the system of excess demands have to be made,

22Note that export demand is now decreasing in P" compared to P in 1}

32



where the single excess demand for final goods (¥ is replaced by (/'
¢F =D+ alyFy— Fi, Vk (A.5)

k
k= Z Lb— 15, (A.6)
k

where total final demand for good k is given as DI' = C} + I} + C’,f’h +
I k,G o . The last change is related to taxation. First, intermediates are
subject to product taxes T™ = 3 ik Tf:’hPihMjhk + T%mPZmM]’Z which enter
government revenues and matter for calculation of GDP = VA +T¢ +TM,

Second, lump-sum taxes and subsidies are measured in terms of the average
production price P" = 3", PrE,/ 3, Fu
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